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Abstract

We study the time complexity of the parsing problem for input strings that
contain gaps. For context-free languages the time requirement is cubic. For re-
stricted classes of languages given by LL(1), bidirectional LL(1), and a specific
kind of XML grammars, the time requirement is bounded linearly or quadrati-
cally depending on the number of separate gaps.

1 Introduction

We consider input strings that are incomplete, i.e. that contain unknown substrings at
specified locations. The unknown substrings will be referred to as gaps. An incomplete
string specifies an infinite set of completed strings, each of which results by choosing
a substring for each gap. The main problem we address is how to decide whether
any of these infinitely many completed strings are in the language generated by a
context-free grammar. In particular we study the time complexities for particular
bounds on the number of gaps and for particular classes of context-free grammars.
We will concentrate on LL(1) grammars and bi-LL(1) grammars, i.e. grammars that
are LL(1) in both directions. We show:

• For an arbitrary number of gaps and for an arbitrary CFG, the time complexity
is cubic.

• For a single gap at the beginning of the input and an LL(1) grammar, the time
complexity is linear.
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• For a single gap at any position and an LL(1) grammar, the time complexity is
quadratic.

• For a single gap at any position and a bi-LL(1) grammar, the time complexity
is linear.

• For two gaps and a bi-LL(1) grammar, the time complexity is quadratic.

• The last two results carry over to XML grammars.

The problem of a single gap at the beginning of the input has also been called suffix
parsing. Partial solutions for the class of operator precedence grammars were found
by, amongst others, [14]. For LL(1) grammars, a linear-time algorithm was found
by [5]. For LR(1) grammars, a linear-time recognition algorithm was found by [3],
and a linear-time parsing algorithm by [13]. The practical relevance of efficient suffix
parsing is immediately evident from previous work on non-correcting error recovery
[14, 7, 18, 10]. The other problems mentioned above may play a role in the incremental
development of programs using a non-structural editor, where the user may indicate
a number of textual gaps to be filled in later.

The algorithms we propose for bi-LL(1) grammars rely on a new parsing technique,
consisting in “bridging” the gap between two substrings that have been previously
processed by two variants of Earley’s algorithm, the first operating left-to-right and
the second right-to-left. This parsing technique leads to novel results of computational
complexity that cannot be achieved by standard unidirectional parsing algorithms.

Although all algorithms in this paper are recognition algorithms, they can be easily
extended to become parsing algorithms, and therefore we speak of “gap parsing”
rather than “gap recognition”.

This paper is structured as follows. We summarize some standard definitions and
results in Section 2, and briefly discuss Earley’s algorithm in Section 3. Sections 4
through 7 study upper bounds on the time complexities of different types of gap
parsing. Section 8 discusses extensions of these results to strong LL(k) grammars
with k > 1 and to XML grammars.

2 Preliminaries

A context-free grammar (CFG) G is a 4-tuple (Σ, N, S, R), where Σ and N are two
finite disjoint sets of terminals and nonterminals, respectively, S ∈ N is the start
symbol , and R is a finite set of rules, each of the form A → α, where A ∈ N and
α ∈ (Σ ∪ N)∗.

For a CFG G = (Σ, N, S, R), we define the binary relation ⇒G as: α ⇒G β if and
only if α is of the form γAδ and β is of the form γηδ, for some γ, δ ∈ (Σ ∪N)∗ and a
rule (A → η) ∈ R. The reflexive and transitive closure of ⇒G is denoted by ⇒∗

G . We
omit subscript G when the grammar is understood.

We say a CFG is reduced if for each nonterminal A there are α, β ∈ (Σ ∪N)∗ and
w ∈ Σ∗ such that S ⇒∗ αAβ ⇒∗ w. We will implicitly assume that all CFGs are
reduced. Note that any CFG can be turned into an equivalent CFG that is reduced
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[1]. We will in particular use the property of reduced CFGs that for each α ∈ (Σ∪N)∗

there is a string w ∈ Σ∗ such that α ⇒∗ w.
For each rule (A → α) ∈ R, we define the lookahead set LAG(A → α) as:

{a∈Σ ∪ {#} | ∃v∈Σ∗, γ∈(Σ ∪ N)∗, x∈(Σ ∪ {#})∗[S# ⇒∗ vAγ# ⇒ vαγ# ⇒∗ vax]}

where # is an arbitrary symbol not in Σ. We say a grammar G is LL(1) if LAG(A → α)
and LAG(A → β) are disjoint for each pair of distinct rules A → α and A → β. See
also [17].

The behaviour of an LL(1) parser for grammar G can be formalized on the basis
of ⊢G defined as the smallest binary relation on (Σ ∪ N)∗ × (Σ ∪ {#})∗ such that:

• (Aβ, aw) ⊢G (αβ, aw) for each (A → α) ∈ R, β ∈ (Σ ∪ N)∗, a ∈ LAG(A → α),
and w ∈ Σ∗;

• (aβ, aw) ⊢G (β,w) for each a ∈ Σ, β ∈ (Σ ∪ N)∗, and w ∈ Σ∗.

Again subscript G is omitted when the grammar is understood. Note that (A,wa) ⊢∗

(ǫ, a) implies A ⇒∗ w. (Here ǫ denotes the empty string.) Conversely, A ⇒∗ w implies
that (A,wa) ⊢∗ (ǫ, a) for at least one a ∈ Σ ∪ {#}, since we assume the grammar is
reduced (choose a such that S# ⇒∗ αAaβ, for some α and β). It is well known that
G is LL(1) if and only if relation ⊢G is deterministic, by which we mean that for each
(α,w) there is at most one (β, v) such that (α,w) ⊢G (β, v); see [17]. From this fact,
it is straightforward to prove:

Lemma 1 Assume G is LL(1). There are no α ∈ (Σ∪N)∗, a, b ∈ Σ∪{#}, w, v ∈ Σ∗

such that both (α,wa) ⊢∗ (ǫ, a) and (α,wavb) ⊢∗ (ǫ, b).

For a string α ∈ (Σ ∪ N)∗, its reversal, or mirror image, is denoted by α. The
reversal of a CFG G = (Σ, N, S, R) is a CFG G = (Σ, N, S, R), where R consists of
the set of rules of the form A → α such that A → α is in R. A CFG G is said to be
reverse-LL(1) if its reversal G is LL(1). A CFG G is said to be bi-LL(1) if it is both
LL(1) and reverse-LL(1).

As these definitions already suggest, an LL(1) grammar is in general not reverse-
LL(1), and in fact, if there is an LL(1) grammar describing a language L, there need
not be a reverse-LL(1) grammar describing L, as exemplified by:

L = {wcwv | w, v ∈ {a, b}∗}

3 Earley’s algorithm

Earley’s algorithm with one symbol of lookahead at the predictor step [9, 6] is pre-
sented in Figure 1(a). It is given in an abstract way in the form of a deduction system,
with the common interpretation as a dynamic programming algorithm [16, 12]. The
deduction system consists of a collection of inference rules, each consisting of a list
of antecedents , which stand for parse items that we have already established to be
in a parse table T , and, below a horizontal line, the consequent , which stands for a
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parse item that we derive from the antecedents and that is added to the parse table
T unless it is already present.

At the right of an inference rule, we may also write a number of side conditions,
which need to be fulfilled for the inference rule to be applicable. The side conditions
refer to rules from a CFG G = (Σ, N, S, R), and to an input string a1 · · · aq. In the
following sections of the present article, this string may be a prefix of a longer string
a1 · · · aqaq+1 · · · an.

Parse items have the form l r(A → α • β, i, j), for 0 ≤ i ≤ j ≤ q, where l r
stands for ‘left to right’. The numbers i and j will be called positions, and can best
be conceived as located between consecutive input positions: position 1 is located
between a1 and a2, position 2 between a2 and a3, etc.; position 0 is located before
a1 and position q after aq. If an item l r(A → α • β, i, j) is added to T , this implies
that:

1. S ⇒∗ a1 · · · aiAγ, for some γ, and

2. α ⇒∗ ai+1 · · · aj .

This is a necessary and sufficient condition if j = q. For j < q, we need to consider
the fact that the algorithm uses lookahead, and a necessary and sufficient condition
for l r(A → α • β, i, j) to be added to T is that (S, a1 · · · aiai+1) ⊢∗ (Aγ, ai+1)
and (α, ai+1 · · · ajaj+1) ⊢∗ (ǫ, aj+1) for some γ. If aq = #, then after completion of
Earley’s algorithm, there is an item l r(S → α •, 0, q−1) ∈ T , for some (S → α) ∈ R,
if and only if a1 · · · aq−1 is in the language generated by G.

Figure 1(b) presents Earley’s algorithm in reverse. The side conditions refer to an
input string aq+1 . . . an, which is possibly a suffix of a longer string a1 . . . aqaq+1 . . . an.
If an item r l(A → α • β, i, j) is added to T by this algorithm, this implies that:

1. S ⇒∗ γAaj+1 · · · an, for some γ, and

2. β ⇒∗ ai+1 · · · aj .

We interpret Figure 1(a) as a dynamic programming algorithm using a queue Q,
which is to contain derived parse items that still have to be added to T and matched
against antecedents. At first, Q contains just l r(S → • α, 0, 0), for each rule S → α

for which the side conditions in the initializer (1) are satisfied. Then, the following
steps are performed until Q is empty:

1. Remove a parse item Φ from Q.

2. Add Φ to T .

3. If Φ matches the antecedent of the scanner (2) and if the side conditions are
satisfied, add the resulting parse item Φ′ from the consequent to Q provided Φ′

occurs neither in T nor in Q.

4. Do the same for the predictor (3).
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l r(S → • α, 0, 0)
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(S → α) ∈ R

0 = q ∨
a1 ∈ LAG(S → α)

(1)

l r(A → α • aj+1β, i, j)

l r(A → αaj+1 • β, i, j + 1)

{

j < q (2)

l r(A → α • Bβ, i, j)

l r(B → • γ, j, j)
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
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j ≤ q

(B → γ) ∈ R

j = q ∨
aj+1 ∈ LAG(B → γ)

(3)

l r(A → α • Bβ, i, j)
l r(B → γ •, j, k)

l r(A → αB • β, i, k)
(4)

(a)

r l(S → α •, n, n)







(S → α) ∈ R

q = n ∨
an ∈ LA

G
(S → α)

(5)

r l(A → αai • β, i, j)

r l(A → α • aiβ, i − 1, j)

{

q < i (6)

r l(A → αB • β, i, j)

r l(B → γ •, i, i)















q ≤ i

(B → γ) ∈ R

q = i ∨
ai ∈ LA

G
(B → γ)

(7)

r l(A → αB • β, j, k)
r l(B → • γ, i, j)

r l(A → α • Bβ, i, k)
(8)

(b)

Figure 1: Earley’s algorithm (a) working on input a1 · · · aq and its reversed form (b)
working on input aq+1 · · · an. Rules (1) - (4) are commonly called initializer, scanner,
predictor and completer, respectively.
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5a. If Φ matches the first antecedent of the completer (4), find matching parse items in
T for the second antecent, and add the resulting parse items from the consequent
to Q provided they occur neither in T nor in Q.

5b. If Φ matches the second antecent of the completer (4), find matching parse items
in T for the first antecent, and add the resulting parse items from the consequent
to Q provided they occur neither in T nor in Q.

Our subsequent analysis of the time complexity relies on the assumption that parse
items stored in T are indexed by each input position separately, and by both input
positions together. Also parse items in Q are indexed by both input positions. For
step (5a) above, if a parse item of the form l r(A → α • Bβ, i, j) is taken from the
queue, then all matching parse items l r(B → γ •, j, k) can be found in unit time
per item, as we assume that the latter items are indexed by j. As each parse item
is retrieved at most once from Q, the time costs of step (5a) are proportional to the
number of combinations of items of the form l r(A → α • Bβ, i, j) with items of
the form l r(B → γ •, j, k). A similar consideration holds for step (5b). Simpler
arguments can be given for steps (3) and (4). As parse items are also indexed by
combinations of the two input positions, we may check in unit time whether a newly
derived parse item is already present in T and whether it is already present in Q.

We conclude that each inference rule can be implemented in such a way that the
number of steps it contributes to the overall time costs is proportional to the number
of valid instantiations of its list of antecedents. This holds in general for inference rules
with up to two antecedents. We will discuss an inference rule with three antecedents
below; it requires an appropriate refinement of the above analysis.

In the presence of an LL(1) grammar, Earley’s algorithm behaves very similarly
to a usual stack-based LL(1) parser, and therefore it is not unexpected that the time
complexity is linear. We first prove:

Lemma 2 Assume G is LL(1). After completion of Earley’s algorithm (Figure 1(a)),
there can be at most one item l r(A → α • β, i, j) ∈ T for each i and A → α • β.

Suppose that after completion of Earley’s algorithm there are two different j1
and j2 (say j1 < j2) such that l r(A → α • β, i, j1), l r(A → α • β, i, j2) ∈ T for
some combination of i and A → α • β. Because j1 < q, lookahead is used and we
have (α, ai+1 · · · aj1aj1+1) ⊢

∗ (ǫ, aj1+1), but also (α, ai+1 · · · aj1aj1+1 · · · aj2b) ⊢
∗ (ǫ, b),

some b ∈ Σ ∪ {#}. This is contradicted by Lemma 1, which completes the proof of
Lemma 2.

Theorem 3 Assume G is LL(1). The time complexity of Earley’s algorithm (Fig-
ure 1(a)) is O(q).

To prove this, it is sufficient to note that each inference rule can be applied for at
most O(q) distinct combinations of items, which follows directly from Lemma 2.

By symmetry, we also have:

Theorem 4 Assume G is reverse-LL(1). The time complexity of Earley’s algorithm
in reverse (Figure 1(b)) is O(n − q).
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0 1 h1 − 1 h1 h1 + 1 hm − 1 hm hm + 1 q − 1 q

a1 ah1
ah1+1 ahm

ahm+1

Σ Σ

#

Figure 2: Input a1 · · · aq with gaps in H = {h1, . . . , hm} represented as finite automa-
ton.

l r(A → α • aβ, i, j)

l r(A → αa • β, i, j)

{

j ∈ H (9)

l r(A → α • Bβ, i, j)

l r(B → • γ, j, j)

{

j ∈ H
(B → γ) ∈ R

(10)

Figure 3: Two inference rules to be added to Figure 1(a) in order to handle the general
problem of gap parsing.

4 Gap parsing

Let us now consider the general problem of gap parsing. In addition to an in-
put string a1 · · · aq, with aq = #, we have a set H of positions between 0 and
q where an arbitrary string may be inserted. Formally, let H = {h1, . . . , hm},
where 0 ≤ h1 < . . . < hm < q. The completed strings are of the form
a1 · · · ah1

w1ah1+1 · · · ah2
w2ah2+1 · · · ahm

wmahm+1 · · · aq, for some w1, . . . , wm ∈ Σ∗.
The set of completed strings is accepted by the finite automaton sketched in Figure 2.

The task is now to decide whether there is a completed string that is generated by a
given CFG G. Earley’s algorithm can be adapted to handle this task by adding the two
inference rules in Figure 3. These are variants of the familiar scanner and predictor
steps, with the only difference that scanning of any string wl can be simulated at an
input position that is a gap hl ∈ H, in combination with the existing completer step.
The answer to the problem is positive if and only if after completion of the algorithm
there is an item l r(S → α •, 0, q − 1) ∈ T for some (S → α) ∈ R. Correctness of
the algorithm straightforwardly follows from the above characterization of inference
rules (9) and (10).

Theorem 5 Let G be an arbitrary CFG. The time complexity of Earley’s algorithm
with arbitrary gaps (Figure 1(a) and Figure 3) is O(q3).

This result follows trivially from the observation that all inference rules involve at
most 3 input positions, and there are O(q) such input positions.
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Parsing of input strings with gaps has also been studied by [11]. Note the simi-
larity to parsing of finite automata (see Figure 2), which is related to computing the
intersection of a context-free and a regular language [2]; see also [19]. Correctness
of our gap parsing algorithm follows from the correctness of these well-established
algorithms for parsing of finite automata.

5 Initial-gap parsing

Now let us consider the case where there is a single gap at the initial position, in
other words H = {0}. Furthermore, we assume that G is LL(1).

Lemma 6 Assume G is LL(1). After completion of Earley’s algorithm with initial
gap (Figure 1(a) and Figure 3 with H = {0}), there can be at most one item l r(A →
α • β, i, j) ∈ T for each i > 0 and A → α • β.

The proof is identical to that for Lemma 2, except that we exclude the case i = 0.

Theorem 7 Assume G is LL(1). The time complexity of Earley’s algorithm with
initial gap is O(q).

The difference between Lemma 2 and Lemma 6 is that in the case of an initial gap,
there can be several items l r(A → α • β, 0, j) ∈ T for each A → α • β. However,
there can obviously be only linearly many of them, and thereby we obtain the same
asymptotic complexity as in Theorem 3.

6 One-gap parsing

Now let us consider the case where there is a single gap at any position, in other
words H = {p}, for some p with 0 ≤ p < q.

Lemma 8 Assume G is LL(1). After completion of Earley’s algorithm with one gap
(Figure 1(a) and Figure 3 with H = {p}), there can be at most one item l r(A → α •
β, i, j) ∈ T such that j < p, for each i with 0 ≤ i < p and A → α • β. Furthermore,
there can be at most one item l r(A → α • β, i, j) ∈ T for each i > p and A → α • β.

The proof is identical to that for Lemma 2, except that we exclude the case i ≤ p ≤ j.

Theorem 9 Assume G is LL(1). The time complexity of Earley’s algorithm with one
gap is O(q2).

For each i ≤ p, there can now be O(q) items of the form l r(A → α • β, i, j) ∈ T with
j ≥ p, which is where Lemma 8 differs from Lemma 2. Theorem 9 follows from the
observation that each inference rule can now be applied for at most O(q2) distinct
combinations of items, as can be easily verified.
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l r(A → α • aβ, i, q)

l r max (A → α • aβ, i, q)
(11)

l r(A → α • Bβ, i, j)
l r max (B → γ • δ, j, k)

l r max (A → α • Bβ, i, j)
(12)

r l(A → αa • β, q, j)

r l max (A → αa • β, q, j)
(13)

r l(A → αB • β, j, k)
r l max (B → γ • δ, i, j)

r l max (A → αB • β, j, k)
(14)

l r max (S → α • βγ, 0, i)
r l max (S → αβ • γ, j, n)

bridge(S → α • β • γ, i, j)
(15)

bridge(A → α • B • β, i, j)
l r max (B → γ • δη, i, i′)
r l max (B → γδ • η, j′, j)

bridge(B → γ • δ • η, i′, j′)
(16)

bridge(A → α • β • γ, i, j)

success

{

|β| > 1 (17)

bridge(A → α • β • γ, q, q)

success
(18)

Figure 4: Additional inference rules to handle a single gap at position q, in combina-
tion with the inference rules in Figure 1.

Let us now assume that G is bi-LL(1). As we will show, with this further restriction
on G we may improve the time complexity of one-gap parsing from quadratic to
linear. This relies on applying Earley’s algorithm in two directions, as follows. Let
the input be a1 · · · aqaq+1 · · · an, with the gap at position q. Earley’s algorithm is
used to process the prefix a1 · · · aq by means of the inference rules in Figure 1(a). The
reversed algorithm is used to process suffix aq+1 · · · an by means of the inference rules
in Figure 1(b).

We also need the additional inference rules in Figure 4 to connect the left-to-right
and right-to-left items. The intuition behind the items derived by inference rules
(11)–(14) of Figure 4 is that we mark items corresponding to rule occurrences where
recognition cannot be continued because of the gap. Formally, we obtain an item
l r max (A → α • Xβ, i, j) ∈ T next to an item l r(A → α • Xβ, i, j) ∈ T , with
X ∈ Σ ∪ N , if and only if:

1. S ⇒∗ a1 · · · aiAγ, for some γ,

2. A → αXβ is in R,

3. α ⇒∗ ai+1 · · · aj , and

4. X ⇒∗ aj+1 · · · aqv, for some v 6= ǫ.

Similarly, we obtain an item r l max (A → αX • β, i, j) ∈ T , if and only if:

1. S ⇒∗ γAaj+1 · · · an, for some γ,
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2. A → αXβ is in R,

3. β ⇒∗ ai+1 · · · aj , and

4. X ⇒∗ waq+1 · · · ai, for some w 6= ǫ.

The items of the form bridge(A → α • β • γ, i, j), derived by inference rules (15)–
(16) in Figure 4, serve to connect the two directions of processing, in a top-down
manner. Note that in such items we always have i ≤ q ≤ j. Formally, we obtain
an item bridge(A → α • X1βX2 • γ, i, j) ∈ T if and only if for some i′ and j′

(i ≤ i′ ≤ j′ ≤ j):

1. S ⇒∗ a1 · · · ai′Aaj′+1 · · · an,

2. A → αX1βX2γ is in R,

3. α ⇒∗ ai′+1 · · · ai,

4. γ ⇒∗ aj+1 · · · aj′ ,

5. X1 ⇒∗ ai+1 · · · aqv, for some v 6= ǫ, and

6. X2 ⇒∗ waq+1 · · · aj , for some w 6= ǫ.

An item bridge(A → α • X • γ, i, j) ∈ T is obtained under similar conditions,
replacing both X1 and X2 in the above by X and A → αX1βX2γ by A → αXγ.

The inference rules (17)–(18) in Figure 4 explicitly specify when parsing is suc-
cessful, i.e. when we have found an item that implies that a1 · · · aqxaq+1 · · · an

is generated by G for some x ∈ Σ∗. It can be easily justified that an item
bridge(A → α • X1βX2 • γ, i, j) ∈ T , with the characterization as above, signals
that the input should be recognized, since if X1 ⇒∗ ai+1 · · · aqv, X2 ⇒∗ waq+1 · · · aj

and y ∈ Σ∗ is an arbitrary string such that β ⇒∗ y, then we may take x = vyw as
filling of the gap. Similarly, for an item bridge(A → α • β • γ, q, q) ∈ T we may
take any string x ∈ Σ∗ such that β ⇒∗ x as filling of the gap. Conversely, if there is
some x ∈ Σ∗ such that a1 · · · aqxaq+1 · · · an is generated by G, then we will be able
to derive success ∈ T .

Lemma 10 Assume G is bi-LL(1). After completion of the bidirectional one-gap
algorithm (Figure 1 and Figure 4), there can be at most one item l r max (A →
α • β, i, j) ∈ T such that j < q, for each i < q and A, and at most one item
r l max (A → α • β, i, j) ∈ T such that q < i, for each j > q and A.

Suppose there are two distinct items l r max (A → α1 • β1, i, j1) ∈ T and
l r max (A → α2 • β2, i, j2) ∈ T , for i, j1 and j2 such that i ≤ j1 ≤ j2 < q.
The possibility of α1β1 6= α2β2 is excluded by the assumption that G is LL(1), and
due to the use of lookahead in the algorithm. It follows that j1 < j2 and the two
items can be written as l r max (A → α • Xβγ, i, j1) ∈ T and l r max (A → αXβ •
γ, i, j2) ∈ T . Therefore there must be two items l r(A → α • Xβγ, i, j1) ∈ T
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and l r(A → αXβ • γ, i, j2) ∈ T , and due to the nature of the algorithm, espe-
cially Lemma 2, there must also be an item l r(A → αX • βγ, i, j3) ∈ T , for some
j3 ≤ j2, and (X, aj1+1 · · · aj3aj3+1) ⊢∗ (ǫ, aj3+1). Furthermore, l r max (A → α •
Xβγ, i, j1) ∈ T implies X ⇒∗ aj1+1 · · · aj3aj3+1 · · · aqv, for some v 6= ǫ, and thereby
(X, aj1+1 · · · aj3aj3+1 · · · aqvb) ⊢∗ (ǫ, b), for some b ∈ Σ ∪ {#}. This is contradicted
by Lemma 1. A symmetrical discussion of the remaining case concludes the proof of
Lemma 10.

Lemma 11 Assume G is bi-LL(1). After completion of the bidirectional one-gap
algorithm, there are O(n) items of the form bridge(A → α • β • γ, i, j) ∈ T .

Due to Lemma 10, inference rule (15) can derive at most one item. Due to the same
lemma, inference rule (16) allows us to derive at most one item bridge(B → γ • δ •
η, i′, j′) ∈ T with i′ < q < j′ on the basis of an item bridge(A → α • B • β, i, j) ∈ T ,
and i ≤ i′ ≤ j′ ≤ j. Note that the number of distinct A → α • β • γ is a
constant determined by the grammar. Furthermore, there are O(n) items of the
form bridge(B → γ • δ • η, i′, j′) ∈ T with i′ = q or j′ = q′. This concludes the result
of Lemma 11.

Theorem 12 Assume G is bi-LL(1). The time complexity of the bidirectional one-
gap algorithm is O(n).

The inference rules in Figure 1 and the inference rules (11)–(14) of Figure 4 can be
applied O(n) times, which can be proven analogously to the proofs of Theorem 3 and
Theorem 4. Due to Lemma 10 and Lemma 11, the inference rules (15)–(16) can be
applied O(n) times, and naturally the same holds for inference rules (17)–(18).

As (16) has three antecedents, our earlier analysis of the time complexity of de-
duction systems is no longer adequate. We can however refine our analysis to include
inference rules with more than two antecedents. Following [12], we observe that an
inference rule such as (16) can be decomposed into a collection of rules with only two
antecedents each, by introducing intermediate parse items:

bridge(A → α • B • β, i, j)
l r max (B → γ • δη, i, i′)

intermediate(B → γ • δη, i′, j)

intermediate(B → γ • δη, i′, j)
r l max (B → γδ • η, j′, j)

bridge(B → γ • δ • η, i′, j′)

Clearly, only O(n) such intermediate parse items can be derived. By the familiar
reasoning for inference rules with at most two antecedents, the proof is now complete.

There are superficial similarities between our items bridge(A → α • β • γ, i, j) and
the items used in some existing algorithms of bidirectional parsing, e.g. [8], in that
both types of items possess two distinguished positions in the right-hand side of a
grammar rule. However, in the existing algorithms, such an item indicates that β has
been matched to input between positions i and j, whereas in the present algorithm it
indicates that α and γ have been matched to input before position i and after position
j, respectively.

Figure 5 illustrates application of the bidirectional one-gap algorithm.



12 E. Bertsch, M.-J. Nederhof

G contains rules:

S → a S a

S → b S b

S → c

Input with positions:

a b b b a

0 1 2 3 4 5

Computed items:

l r(S → • aSa, 0, 0)
l r(S → a • Sa, 0, 1)
l r(S → • bSb, 1, 1)
l r(S → b • Sb, 1, 2)
l r(S → • bSb, 2, 2)
l r(S → b • Sb, 2, 3)
l r(S → • aSa, 3, 3)
l r(S → • bSb, 3, 3)
l r(S → • c, 3, 3)

l r max (S → • aSa, 3, 3)
l r max (S → • bSb, 3, 3)
l r max (S → • c, 3, 3)
l r max (S → b • Sb, 2, 3)
l r max (S → b • Sb, 1, 2)
l r max (S → a • Sa, 0, 1)

r l(S → aSa •, 5, 5)
r l(S → aS • a, 4, 5)
r l(S → bSb •, 4, 4)
r l(S → bS • b, 3, 4)
r l(S → aSa •, 3, 3)
r l(S → bSb •, 3, 3)
r l(S → c •, 3, 3)

r l max (S → aSa •, 3, 3)
r l max (S → bSb •, 3, 3)
r l max (S → c •, 3, 3)
r l max (S → bS • b, 3, 4)
r l max (S → aS • a, 4, 5)

bridge(S → a • S • a, 1, 4)
bridge(S → b • S • b, 2, 3)
bridge(S → b • Sb •, 3, 3)
success

Figure 5: Application of the bidirectional one-gap algorithm, for the bi-LL(1) gram-
mar above, generating palindromes over {a, b} with center marker c, and input abb ba
with a gap at position 3.

7 Two-gap parsing

Now let us consider the case where there are two gaps in string a1 · · · an, at positions
p and q, where 0 ≤ p < q ≤ n. We assume that G is bi-LL(1). We can now solve
the parsing problem by combining the two algorithms from the previous section. We
use Figure 1 and Figure 4 to handle the gap at position q, which we combine with
Figure 3 to handle the gap at position p, defining H = {p}. Due to the gap at position
p, there may be several items l r(A → α • β, i, j) ∈ T such that j ≥ p for a single
combination of A → α • β and i ≤ p. Consequently, the number of items involved
in processing a1 · · · aq is now quadratic instead of linear, which leads to an overall
quadratic time complexity, as we will show.

Lemma 13 Assume G is bi-LL(1). After completion of the bidirectional two-gap
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algorithm (Figure 1, Figure 4 and Figure 3 with H = {p}), there can be at most one
item l r max (A → α • β, i, j) ∈ T such that j < p, for each i with 0 ≤ i < p and each
A, and at most one item l r max (A → α • β, i, j) ∈ T such that j < q, for each i > p

and A. Furthermore, there can be at most one item r l max (A → α • β, i, j) ∈ T
such that q < i, for each j > q and A.

The proof is almost identical to that of Lemma 10, except that we exclude the case
i ≤ p ≤ j for items l r max (A → α • β, i, j) ∈ T .

Lemma 14 Assume G is bi-LL(1). After completion of the bidirectional two-gap
algorithm, there are O(n) items of the form bridge(A → α • β • γ, i, j) ∈ T such that
i ≤ p.

For the case i < p, the proof is almost identical to that of Lemma 11, making use
of Lemma 13. There are trivially also O(n) items of the form bridge(A → α • β •
γ, p, j) ∈ T .

Theorem 15 Assume G is bi-LL(1). The time complexity of the bidirectional two-
gap algorithm is O(n2).

The inference rules in Figure 1 and Figure 3 can be applied O(n2) times; cf. Theorem 9
and Theorem 4. Also inference rules (11)–(15) and (17)–(18) of Figure 4 can clearly
be applied O(n2) times.

For inference rule (16) we need to distinguish two main cases. First, there are
O(n) items of the form bridge(A → α • B • β, i, j) ∈ T such that i ≤ p, due to
Lemma 14. For each of these, we can apply inference rule (16) with O(n) items
l r max (B → γ • δη, i, i′) and at most one item r l max (B → γδ • η, j′, j) with
j′ > q, due to Lemma 13, and at most a constant number of such items with j′ = q.
(The constant is determined by the grammar.) Second, for each of the O(n2) items of
the form bridge(A → α • B • β, i, j) ∈ T such that i > p, we can apply inference rule
(16) with at most one item l r max (B → γ • δη, i, i′) with i′ < q, due to Lemma 13,
and at most a constant number of such items with i′ = q, and at most one item
r l max (B → γδ • η, j′, j) with j′ > q, due to Lemma 13, and at most a constant
number of such items with j′ = q. With all these cases together, inference rule (16)
can be applied O(n2) times. This concludes the proof of Theorem 15.

Let us now consider the question whether Theorem 15 can be extended to all LL(1)
grammars. The following LL(1) grammar illustrates the hardness of this problem:

S → A D

A → a A B | d

B → b B C | c

C → b | c

D → c D | ǫ

For input ap bp cp with gaps at p and at 2p, there may be O(p) positions within
ap where an occurrence of rule A → a A B begins, O(p) positions within bp for
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the beginning of B within this rule occurrence, and O(p) positions within cp where
the rule occurrence ends. Therefore the time complexity of Earley’s algorithm with
two gaps (Figure 1(a) and Figure 3 with H = {p, 2p}) would not be bounded by
a quadratic function on the length of the input string. Similar observations can be
made for other parsing algorithms that use some kind of completer step akin to (4).
Although there may be quadratic-time recognition algorithms for this special case,
it seems unlikely that parsing is possible within quadratic time for the full class of
LL(1) grammars and input with two gaps.

The next question we address is whether Theorem 15 can be extended to bi-LL(1)
grammars and three gaps. The following bi-LL(1) grammar illustrates the hardness
of this problem:

A → a A B | d

B → b B b | c

Let us consider input ap bp bp bp with gaps at p, 2p and 3p. Much as for the previous
grammar, an occurrence of rule A → a A B may start at O(p) different positions
within ap, the B of this rule occurrence may start at O(p) different positions within
the first substring bp, and the rule occurrence may end at O(p) different positions
within the second substring bp. Again, it seems unlikely that parsing is possible
within quadratic time for the full class of bi-LL(1) grammars and input with three
gaps.

8 Other classes of grammars

The above results can be easily generalized to grammars that are strong LL(k) in one
or two directions, with k ≥ 1, by extending the use of lookahead in the inference rules
to k symbols.

XML grammars are defined by [4] to describe sets of correctly parenthesized
strings. From the perspective of context-free grammars, an XML grammar can be
seen as a 4-tuple (Σ, N, S, R), where N is a finite set of nonterminals, S ∈ N is the
start symbol, Σ is the set of open and close brackets [A and ]A such that A ∈ N , and
there is precisely one rule A → [A LA ]A in R for each nonterminal A ∈ N , where
LA is a regular language over N . Such a rule represents a potentially infinite set of
rules of the form A → [A α ]A, where α ∈ LA. Consequently, if x ∈ Σ∗ is such that
A ⇒∗ x, then x is a Dyck prime. (A Dyck prime is a balanced sequence of parentheses
without a proper prefix having the same property.)

XML grammars and bi-LL(1) grammars are incomparable formalisms, and there-
fore we cannot reuse the algorithms from the previous sections, but we may devise
very similar algorithms for gap parsing. A key property of XML grammars is that
each open bracket [A uniquely determines a rule A → [A LA ]A, and so does each
close bracket ]A. This is quite similar to the bi-LL(1) property.

For convenience, let us represent the right-hand side of a rule A → [A LA ]A as
a finite automaton MA, with alphabet {[A, ]A} ∪ N , initial state q0 and final state
qf , which accepts the set of strings of the form [A α ]A such that α ∈ LA. We may
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now introduce items similar to those in Section 3 to parse a prefix or a suffix of a
string by a variant of Earley’s algorithm or its reversed form. The left-to-right version
manipulates items l r(MA, q, i, j), where MA is the finite automaton associated with
nonterminal A, and q is a state in that automaton. Such an item indicates that there
is a path of transitions in automaton MA from the initial state q0 to q that scans input
string α ∈ ({[A, ]A} ∪ N)∗, and α ⇒∗ ai+1 · · · aj . Items of the form r l(MA, q, i, j)
have the symmetrical meaning.

Similarly, we may introduce items of the form l r max (MA, q, i, j) and
r l max (MA, q, i, j), and items of the form bridge(MA, q, q′, i, j) such that there is
at least one path of transitions from state q to state q′ in MA. In practice one would
pre-compile a table that indicates for each pair of states q, q′ from the same automaton
MA whether there is a path of transitions leading from q to q′.

Let us first consider parsing of the input up to position q without gaps. Since
no Dyck prime may be a prefix of another, we cannot obtain more than one item
l r(MA, qf , i, j) ∈ T for each A and i. This can be seen as the equivalent of Lemma 2.
By the same observation, we can reformulate the lemmas concerning one-gap and
two-gap parsing in Section 6 and Section 7 for the case of XML grammars. By these
results, it is straightforward to conclude that the complexity results from Theorem 12
and Theorem 15 carry over from bi-LL(1) grammars to XML grammars.

It is an open question however whether the results from Theorem 12 and Theo-
rem 15 carry over to bi-LR(1) grammars, i.e. whether one-gap and two-gap parsing
can be performed in linear time and quadratic time, respectively, for context-free
grammars that are LR(1) in both directions. There is existing work on bidirectional
LR parsing by [15], which does not improve asymptotic complexities however.
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