
 
 
 
 
 
 
 

 
32/04 

 
Sebastian Maneth 

(Swiss Institute of Technology, Lausanne) 
 

Tree Transducers and Their Applications to XML 
(XIX Tarragona Seminar on Formal Syntax and Semantics, 

FS&S) 
 

March 22-26, 2004 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This report was published thanks to a grant from the regional government of Catalonia 
(2003ARCS-239). 



2. Composition of Tr. Tr.’s
MSO tree transducer M = ( C, Σ, ∆, N, E )

1 2
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e b

a v

w

Input tree  s

M

(v, i) (v, j) (v, k)
d

d
(w, j)

Output tree  T(s)

Nodes  ⊆ V × C
∀ δ ∈ ∆,    i, j ∈ C :

Node MSO formula:   Nδ, i (x).            (v, i)  has label  δ if   s ² Nδ, i (v)

Edge MSO formula:   En, i, j (x, y).       n-edge from (v, i)  to  (w, j)  if
s ² En, i, j (v,w)

Example:    MSOTT   Tab
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a b

C  =  { A , B }
node formulas:

Na, A(x)   ≡ laba(x)               Nb, B(x)  ≡ laba(x)

Ne, A(x)   ≡ false                  Ne, B(x)  ≡ labe(x)

edge formulas:

EA, A(x, y)  ≡ EB, B(x, y)   ≡ edg(x, y)

EA, B(x, y)  ≡ ∃ z (edg(x, z)  ∧ labe(z))   ∧ ¬ ∃ z edg(z, y)

Composition Closure  of MSOTT
Why is   MSOTT ; MSOTT ⊆ MSOTT?         TRIVIAL!!!

M = ( C, Σ, Γ, N, E ) N = ( D, Γ, ∆, N’, E’ )

Define MN := ( C × D, Σ, ∆, N’’, E’’ )

N’’δ, (c, d)(x)   :=   N’δ, d(x) [..]

E’’n, (c1, d2), (c2, d2)(x, y)   :=   E’n, c1, c2(x, y) [..]

[..]  =   replace  labγ(x)   by     ∨c ∈ C Nγ, c(x) 

and   edgn(x, y)   by     ∨c,c’∈ C En, c, c’(x,y)

2. Composition of Tr. Tr.’s
(1)     ATTsur ;  ATTsur ⊆ ATTsur

(2)     ATTsur ;  ATT ⊆ ATT

R R

R RR

R

R = “look-around” =  
pre-relabel by:   TR-REL   =   B-REL  ;  T- REL

=  MSOTT

=  MSOTJ ; unfold

New  “QUEST”:   Characterize MSOTT in terms of MTTs!!

2. Composition of Tr. Tr.’s
Clearly, for an MTTR it is  decidable whether or not

It is  single use restricted  (sur).

.. but ..  if the MTT is  not sur,  then its translation might 

still be  MSO definable  (∈ MTTsur) !!
R

E.g.
h q, e i( y1 )    d( y1, y1 ) only rule that 

is not surp

Determine by look-ahead if next symbol is e.

If so for xi,  then change h q, xi i( t )  into  d( t, t ).

We need a more “liberal” restriction!!

2. Composition of Tr. Tr.’s
2nd try:  apply  finite copying restriction of  TOP/ET0Ls  to  MTTs:

( fcp )   for every q and yj ,   #yj
( Mq ( s ) )  · cp

( fci )    for every node u of s,    #h Q, x i ( Mq0
( s[u x] ))  · ci

∃ constants  cp, ci s.t. for every input tree  s:

MTTfc =  MTTfcp, fci =  MTTsur ( = MSOTT )R R R

static restrictiondynamic restriction

Slides 4.19-4.24
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2. Composition of Tr. Tr.’s
For an MTT it is  decidable whether or not it is finite copying !!

Why??

Because finiteness of ranges of MTTs is decidable.

Mq( s )   ⇒M
*

y3

y1

y1

e

…

Mq0
( s[u x] )  ⇒M

*

h q1, x i

e

…

h q2, x i

h q1, x i

M is finite copying iff

these languages are finite.

2. Composition of Tr. Tr.’s
For an MTTR it is  decidable whether or not

It is  finite copying  ( fc ).

.. but ..  if the MTT is  not fc,  then its translation might 

still be  MSO definable  (∈ MTTsur) !!
R

E.g.
h q0, a(x) i h q, x i( h p, xi )

h q, e i( y1 )       e

h p, a(x) i d( h p, x i, h p, x i )

h q, a(x) i( y1 )  h q, x i( y1 )

#h Q, x i ( Mq0
( s[u x] ))  is unbounded !!

Conclusion

We need a normal form,  s.t an MTT in normal form which

is not finite copying,   is also  not MSO definable!

Given an MTT, how can we decide whether or not

its translation is MSO definable??

Conclusion

We need a normal form,  s.t an MTT in normal form which

is not finite copying,   is also  not MSO definable!

Given an MTT, how can we decide whether or not

its translation is MSO definable??

END  of  FOURTH DAY!

Slides 4.25-4.28
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4 Lecture 4: XML Type Checking using MTTs

The topics considered during the fourth lecture were

1. XML Type Checking using MTTs
2. Get the Complexity Down: Composition

4.1 XML Type Checking using MTTs

There are several formalisms used for defining types of XML documents; promi-
nent examples are DTDs, XML Schemas, and RELAX NG. In terms of the cor-
responding tree languages, all these formalisms are included in the regular tree
languages (and the inclusion is strict for the first two formalisms) [MLM00].
Note that the regular tree languages are “invariant” to unrankedness: an un-
ranked tree language is regular if and only if its binary encoding is regular (see,
e.g., [Suc02a]).

Type checking means to check for a given transformation τ and regular tree
languages I and O of permissible input and output trees, whether τ(I) ⊆ O,
i.e., whether every translation of a permissible input tree results in a permissible
output tree. Slide 4.9 shows that forward type inference is not possible even for
very simple tree translations: if the tree transducer makes copies of its input tree,
then in general the corresponding set of output trees is not regular anymore!
See [Suc02b] for a good explanation of this phenomenon. Even though forward
type inference fails for general translations (for example for unrestricted MTTs),
another technique can be used to do exact type checking: inverse type inference!
Recall from Section 3.3 that inverses of MTT translations effectively preserve
the regular tree languages. As Slide 4.10 shows, type checking can be realized
using inverse type inference, and the facts that regular tree languages are closed
under complement, intersection, and have a decidable emptiness problem.

Of course, given an XML query or transformation T , one first has to trans-
late it into a composition of MTTs. This can be done by first translating T into a
k-pebble tree transducer, and then using the construction presented in [EM03a]
to obtain a composition of k +1 MTTs. Alternatively, T can be translated into
the intermediate language TL of [MBPS04]. The advantage here is that any TL
program can be translated into the composition of just three MTTs. This is
important, because the complexity of inverse type inference of compositions of
MTTs is hyper-exponential, i.e., it is a tower of exponents of height k, where
k is the number of MTTs in the composition. A good overview of the current
status of type checking in the context of XML transformations can be found
in [MS05].

4.2 Get the Complexity Down: Composition

As mentioned at the end of the previous section, the complexity of type check-
ing a composition of MTTs depends heavily on the number of MTTs in the
composition. Therefore it would be beneficial if some of the transducers in the
composition could be eliminated. For example, if an MTT in the composition
does not use parameters, i.e., it is a top-down tree transducer, then it can be
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eliminated because MTTs are closed under composition (pre and post) with top-
down tree transducers [EV85]. But, there are even larger subclasses of MTTs
than top-down tree transducers, which can also be composed with an MTT
into a single new MTT. A famous class of composable tree transducers are the
single-use restricted attributed tree transducers (surATT), introduced for at-
tribute grammars in [GG84,Gie88]. First, they are closed under composition,
i.e., surATT ◦ surATT ⊆ surATT, and second they can be composed with a
general ATT to yield an ATT again: surATT◦ATT ⊆ ATT; note that A◦B(x)
means B(A(x)). Proofs of these results, in terms of tree transducers (rather
than attribute grammars) can be found in [Küh97].

Let us mention here another special result about composition of MTTs:
for any composition of MTTs it is decidable whether or not it is of linear
size increase [EM03b], and if it is, then one equivalent MTT can be con-
structed [Man03a]. This means that any XML query or transformation that
is of linear size increase (very common in the context of XML) can be simu-
lated by just one macro tree transducer!
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Today

1. Complexity of Macro Tree Transducers

2. MSO Definability and Linear Size Increase

3. Open Problems in Tree Transducer Theory

1. Complexity of MTTs
The (Basic) Translation Problem

Given:         MTT M and input tree s.

Question:    Compute the output tree M(s).

The Translation Problem

Given:         MTTs  M1,…,Mk and input tree s.

Question:    Compute the output tree Mk( .. M1(s) .. ).

Remember:   XML Qu./Transformations are in MTT*

Complexity of Tree Transducers
Basics: Given an ATT A and an input tree s, the output tree t = A(s)

can be computed (on a RAM) in  time O( |s| + |t| ).

Why? 1. Compute  output DAG

Time O( |s| )

2.  Unfold it into output tree t

Time O( |t| )

+
exp

+
exp exp

+
0 1

+
1+

0 1

+
1+

1+
1+

0 1

Complexity of Tree Transducers
Same holds for linear MTTs -- that do not copy in the states

( linear in the x1,..,xk )  class:  LMTT

1. Compute output DAG on a Random Access Machine (RAM)

h q, n i

m m

n n+k-1

h q’, n+1 i

y1 y2 y1 yk

…

m: [ label of  δ (or index),                                                    
pointer n to array of children ]  

n: pointer to label of first child

..

n+k-1: pointer to label of last child 

n+k-1n

Complexity of Tree Transducers
Same holds for linear MTTs -- that do not copy in the states

( linear in the x1,..,xk )  class:  LMTT

1. Compute output DAG on a Random Access Machine (RAM)

h q, n i

m m

m+1 m+k

h q’, n+1 i

DAG  with  parameters

m+k-1n

Complexity of Tree Transducers
Same holds for linear MTTs -- that do not copy in the states

( linear in the x1,..,xk )  class:  LMTT

1. Compute output DAG on a Random Access Machine (RAM)

At most |s| times plugging in of rhs DAG.

in time O( |s| ) we can generate the output DAG

2.  Unfolding:  time O ( |t| ).

Thus: Given an LMTT L and input tree s, the output tree t = L(s)

can be computed (on a RAM) in  time O( |s| + |t| ).

Slides 5.1-5.6
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Decomposition of MTT
MTT  ⊆ TOP  ;  YIELD and  YIELD ⊆ 1-LMTT ⊆ LMTT

the state behavior
the parameter behavior

YIELD evaluates “substitution trees”.

Def.:  Let  Σ, ∆ be a r.a.’s,  m ≥ 0,   and  f : Σ(0) T∆({ y1,..,ym }).

Yf ( σ(s1,..,sk) )  =   Yf ( s1 ) [  yj Yf ( sj )   |  1 · j · k ]

Yf ( a(0) )    =    f (a)

σ

a t1 ..  tk
Yf ( )

f (a)

Build tree bottom-up (IO)

by (iterated) substitution!

Decomposition of MTT
MTT  ⊆ TOP  ;  YIELD

∀ rule  h q, σ(..) i(..)  t    of the MTT let the rule

h q, σ(..) i trans(t)     be a rule of the TOP.

trans( δ( t1,.., tk ) )  =  σk
(k+1) ( δ’, trans( t1 ),.., trans( tk ) )          k ≥ 1

f ( δ’ )  =  δ ( y1, .., yk )

trans( a )  =  a’ and    f ( a’ ) = a

trans( h q, xi i( t1,.., tk ) )  =  σk( h q, xi i, trans( t1 ),.., trans( tk ) )      k ≥ 1

trans( h p, xii )  = h p, xi i

same states
(but rank zero)

trans( yj ) = j   and  f ( j ) = yj

h q0, a(x1) i h q,x1 i( h q,x1 i( e ) )

h q, a(x1) i( y1 )   h q,x1 i( h q,x1 i( y1 ) )

h q, e i( y1 )        a( y1 )

Example:

MTT:

h q0, a(x1) i σ1( h q,x1 i, σ1( h q,x1 i, e ) )

h q, a(x1) i σ1( h q,x1 i, σ1( h q,x1 i, 1) )

h q, e i σ1( a’, 1 )

h q0, aae i ⇒
σ1

σ1

σ1

σ1
1

*

σ1

a’ 1

σ1

a’ 1

σ1

σ1
1σ1

a’ 1

σ1

a’ 1 e’

h q0, a(x1) i h q,x1 i( h q,x1 i( e ) )

h q, a(x1) i( y1 )   h q,x1 i( h q,x1 i( y1 ) )

h q, e i( y1 )        a( y1 )

Example:

MTT:

h q0, a(x1) i σ1( h q,x1 i, σ1( h q,x1 i, e ) )

h q, a(x1) i σ1( h q,x1 i, σ1( h q,x1 i, 1) )

h q, e i σ1( a’, 1 )

h q0, aae i ⇒
σ1

σ1

σ1

σ1
1

*

σ1

a’ 1

σ1

a’ 1

σ1

σ1
1σ1

a’ 1

σ1

a’ 1

Apply  Yf now!

a(y1) = 

a(y1) = 

= a ( a ( y1 ) )

e’

h q0, a(x1) i h q,x1 i( h q,x1 i( e ) )

h q, a(x1) i( y1 )   h q,x1 i( h q,x1 i( y1 ) )

h q, e i( y1 )        a( y1 )

Example:

MTT:

h q0, a(x1) i σ1( h q,x1 i, σ1( h q,x1 i, e ) )

h q, a(x1) i σ1( h q,x1 i, σ1( h q,x1 i, 1) )

h q, e i σ1( a’, 1 )
Apply  Yf now!

Yf ( T(s) ) =  a ( a ( y1 ) ) [ y1 a ( a ( e ) ) ]

=  a ( a ( a ( a ( e ) ) ) )

EXERCISES

1.  Show that indeed   YIELD ⊆ LMTT

2. Show that  CFTIO =   YIELD ( REGT ) 

( recall  CF = y(REGT), i.e., YIELD is a generalization

of yield from strings to trees! )

Slides 5.7-5.12
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Complexity of MTTs
MTT   ⊆ TOP  ;  LMTT

s t

We know how to compute

LMTT and TOP (⊆ ATT)!!

Problem: intermediate tree might be
much BIGGER than t!  (because L might DELETE!)

The four ways of DELETION:

1.  Delete input tree:   h q, σ(x1,x2) i h q’, x1 i( h q, x1 i )

2.  Delete parameter:   h q, σ(x1) i( y1, y2 )  h q’, x1 i( y1 )

3.  Skip monadic input node:   h q, σ(x1) i h q’, x1 i

4.  Skip input leaf:     h q, α i( y1 )  y1

Removal of Input Deletion
1.  Delete input tree:   h q, σ(x1,x2) i h q’, x1 i( h q, x1 i )

LMTT  ⊆ LT ; LMTTndi nondeleting in the input

M            T        L

T does identity, simulating M’s state behavior, and deletes

any subtree that is not visited by M.

h q0, σ(x1, .., xk) i σ( h qi1, xi1
i, .., h qin, xin 

i )

state calls that appear 
in (q0,σ)-rule of M

( “strict” )

new σ has rank n.  Renumber xij
into  xj

Removal of Parameter Deletion
2.  Delete parameter:   h q, σ(x1) i( y1, y2 )  h q’, x1 i( y1 )

LMTTndi ⊆ B-REL  ;  LMTTndi, ndp nondeleting in parameters

Use Inv. Type Inference Theorem!

R1,3,7 =  {  t ∈ T∆( { y1,..,ym } )  |  ∃ ≥ 1 occ. of  y1, y3, and y7 } ∈ REGT!

Mq
-1( R1,3,7 )  is also in REGT!

h … pi … i

reg. look-ahead

pi(q)   =   y3 y7

h q, σ (..) i( y1,..,ym )   t

change h q’,xi i( t1,..,tn )  into  h q37, xi i( t3, t7 )

Removal of Deletion
LMTT  ⊆ LT ; LMTTndi

⊆ LT ; B-REL ; LMTTndi,ndp

nd = no deletion

similarly, Removal of Skipping.

⊆ LT ; B-REL ; LT ; LMTTnd, nsm

no skipping of monadic nodes

⊆ LT ; B-REL ; LT ; B-REL ; LMTTnd, nsm, nsl

has NONE of the four ways of DELETION!

No Deletion and No Skipping
Let  M ∈ MTTnd, ns

∀ s ∈ TΣ :     | M( s ) |  ≥ 0.5 · | s |

M “shrinks” input tree by at most a factor of one half!

Why? for every leaf and every monadic input symbol

M outputs  at least one symbol.

for any tree t :     #rank>1 ( t )   <    #leafs ( t ).

| M( s ) |  ≥ #leafs( s ) + #mon( s )

≥ 0.5 · ( 2 · #leafs( s ) + 2 · #mon( s ) )  ≥ 0.5 · | s |.

Translation Problem
M1 ;   M2 ;   … ;   Mk-1  ;   Mk

s t

⊆ M1 ;   M2 ;   … ;   Mk-1 ; T ; L1 ; B1 ; L2 ; B2 ;    Lk

NO deletion!

at most twice as big as t

do the same for   Nk-1

⊆ M1 ; L1 ; L2 ;  … ; Lk-2 ; Lk-1 ; Lk

at most  2k-1 as big as t

Slides 5.13-5.18
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Translation Problem
After constructing the  L2, …, Lk       (offline / pre computation)

Given input tree s, the output tree   t =  M1 ; … ; Mk ( s )

can be computed in time  O(  | s |  +  | t |  ).

(just like for ATTs and for LMTTs..)

MTT* can be made “GARBAGE-FREE” =  each intermediate node that

is ever generated is really needed (contributes) for the final output.

( XML Query Optimization )

2. MSO Definability
New  “QUEST”:   Characterize MSOTT in terms of MTTs!!

MTTfc =  MTTsur =  MSOTTR R

static restriction
dynamic restriction

A function f : A B is of  linear size increase iff 

∃ c s.t. for all a ∈ A:  | f( a ) | · | a |.

Class:

f  ∈ LSI

By definition:     MSOTT  ⊆ MTT ∩ LSI.

2. MSO Definability
By definition:       MSOTT ⊆ MTT ∩ LSI.

Maybe     MTT ∩ LSI ⊆ MSOTT??

Theorem: (1)    MTT ∩ LSI  =  MSOTT.

(2)    For MTT M, decidable whether in MSOTT,

if so, equiv. MSOTT can be constructed.

Idea of the proof:  Show that if an MTT is NOT finite copying, then

its translation is NOT of linear size increase.

If M is  not fc,  then it is  not LSI.

We may assume that M is  parameter nondeleting

and  leaf nonskipping      (  no rule  h q, e i( y1 )  y1    )

Example:  ( not fc and lsi )

h q0, a(x1) i σ ( h q, x1 i, h q, x1 i )

h q,  a(x1) i h q, x1 i

h q, e i e

h q0, aa..e i ⇒*
σ

σh q, e i

h q, e i

…

σ

h q, e i h q, e i

state copying

NOT bounded

If M is  not fc,  then it is  not LSI.

We may assume that M is  parameter nondeleting

and  leaf nonskipping      (  no rule  h q, e i( y1 )  y1    )

a state must NOT be  “finite valued”.

(otherwise, delete it, and determine values by reg. look-ahead!)

Example:  ( not fc and lsi )

h q0, a(x1) i h q, x1 i( e )

h q, a(x1) i( y1 )   σ( y1, h q, x1 i( y1 ) )

h q, e i( y1 )        a( y1 )

parameter copying

NOT bounded

If M is  not fc,  then it is  not LSI.

We may assume that M is  parameter nondeleting

and  leaf nonskipping      (  no rule  h q, e i( y1 )  y1    )

a state must NOT be  “finite valued”.

(otherwise, delete it, and determine values by reg. look-ahead!)

a parameter must NOT be  “finite valued”.

(otherwise, delete it, and determine values by reg. look-ahead!)

MTT in normal form

If M  in nf is not fc, then it is not LSI.

Can be shown by (difficult) pumping arguments.

Slides 5.19-5.24
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2. MSO Definability
New  “QUEST”:   Characterize MSOTT in terms of MTTs!!

MTTfc =  MTTsur =  MSOTT   =   MTT  ∩ LSIR R

static restriction
dynamic restriction

independent restriction

Decidable subclass of MTT!!

How?   put the MTT in normal form (‘reduced’)

decide the finite copying property

Size Increases
MTT

ATTR

TOPR

TOP

HOM

LHOM

LT

TR
fc

ATTR
surYIELD

= MSOTT 

= MTT ∩ LSI

= MSOTTdir

= TR ∩ LSI Linear 
Size Increase

Exponential 
Size Increase

Double Exponential
Size Increase

Closed under 
Composition

2. MSO Definability
What about     MTT ; MTT  ∩ LSI?

Does it also equal  MSOTT?

Theorem: MTT* ∩ LSI =  MSOTT.

For a composition of MTTs it is decidable whether

it is in MSOTT, if so, the MSOTT can be constructed!

“QUEST” is successfully completed!   ;-)

2. MSO Definability
Theorem: MTT* ∩ LSI =  MSOTT.

For a composition of MTTs it is decidable whether

it is in MSOTT, if so, the MSOTT can be constructed.

s r t

M1 M2

WHY??        (1) | r |  might be NON-linear in  | s |

(2)     M2 need only be LSI on out(M1)

LSI

2. MSO Definability
Theorem: MTT* ∩ LSI =  MSOTT.

s r t

M1 M2

N2 has linear bounded input (LBI – does not shrink)

∃ c ∀ u:    | u |  · c · | N2( u ) |

u
N1 N2

2. MSO Definability
Theorem: MTT* ∩ LSI =  MSOTT.

s r t

M1 M2

u
N1 N2

LSI

LBI

LSI
⇒

Slides 5.25-5.30
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2. MSO Definability
Theorem: MTT* ∩ LSI =  MSOTT.

MTTn+1 ∩ LSI ⊆ ( MTT ; ( LMTTn ∩ LBI ) )  ∩ LSI

⊆ ( MTT ∩ LSI ) ; LMTTn ∩ LSI

⊆ MSOTT ; LMTT ; LMTTn-1 ∩ LSI

composition:   LMTT ⊆ ATTR

and  MSOTT ; ATTR ⊆ ATTR

⊆ MTTn ∩ LSI

⊆ MTT ∩ LSI  = MSOTT
by induction

3.  Open Problems in Tree Transducer Theory

Direct construction for MSOTT ; LMTT ⊆ MTT          (not too hard)

Decidability of Equivalence for MTTs / subclasses             

Decide for a Nondet MTT whether it realizes a function

For a HOM H (one state TOP/BOT) and a REGT R

is it decidable whether H( R ) ∈ REGT?

Practical implementation of inverse type inference (greedy)

Approx. Algorithms to find the smalles CFT grammar for one tree!

tree/XML compression      (∃ beautiful results on strings..)

Slides 5.31-5.32
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5 Lecture 5: Advanced Topics in Tree Transducer Theory

The topics considered during the fifth lecture were

1. Complexity of Macro Tree Transducers
2. MSO Definability and Linear Size Increase
3. Open Problems in Tree Transducer Theory

5.1 Complexity of Macro Tree Transducers

The starting point of our complexity consideration for tree transducers is the
attributed tree transducer (ATT). Here, it is folklore that, given an input tree,
the corresponding output tree can be computed (on a RAM) in time O(|s|+ |t|),
i.e., in time linear in the sum of sizes of input and output tree. The idea is to
first compute a DAG which represents the output tree; this can be done in time
O(|s|), just like any computation of an attribute grammar in which all output
operations take constant time. Then, obviously, the intermediate DAG can be
unfolded into the output tree t in time O(|t|). The question arises, which large
and natural subclass of MTTs can be transformed into ATTs? Recall from the
end of Section 3.1 that certain MTTs cannot be transformed into ATTs. As it
turns out, each MTT which is linear in their input variables (LMTT), i.e., for
which each input tree variable xi appears at most once in a right-hand side,
can be translated into an ATT (with look-ahead). Thus, also for an LMTT, the
output tree can be computed in time O(|s| + |t|).

The only problem that remains when trying to lift the complexity result
about LMTTs to MTTs and to compositions of MTTs, is to bound the size of
intermediate trees (because MTT∗ = LMTT∗). Due to deletion of a transducer
late in the composition, early intermediate trees might be much bigger than the
final output tree. Such intermediate parts which later are deleted, are called
“garbage”. The idea now is to eliminate all garbage from a composition of
MTTs. In that way, each intermediate tree will only be linearly bigger than the
final output tree, and hence the complexity of computing the final output tree
will once again be O(|s|+ |t|). This is in fact possible, by removing all deletions
from intermediate transducers [Man02].

Roughly speaking, the construction starts with the last LMTT of the com-
position and transforms it into an equivalent composition of linear top-down
tree transducers and bottom-up relabelings, followed by an LMTT that has no
deletion. Now the powerful closure properties of MTTs come into play: (1) an
MTT followed by a top-down tree transducer can be composed into one equiva-
lent MTT (Theorem 4.12 of [EV85]) and (2) an MTT followed by a bottom-up
relabeling can be composed into one equivalent MTT (Lemma 11 of [EM02]).

5.2 MSO Definability and Linear Size Increase

There is a beautiful connection between automata and logic established in the
60’s by Büchi and Elgot [Büc60,Elg61]: a (string) language is regular if and only
if it is definable by a sentence in monadic second-order (MSO) logic. The result
can easily be extended to trees: a tree language is regular if and only if it is
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definable in MSO logic. Motivated by model theory is the idea of “interpreta-
tion”, meaning the definition of a logical structure in terms of logical formulas
over another structure (see Chapter 10 of [EF95]). Hence, interpretations define
functions from one structure to another. Using MSO as the underlying logic,
such MSO interpretations on graphs have been used to characterize the genera-
tion of graphs by graph grammars (see, e.g., [Cou94]). MSO interpretations on
strings and trees have been considered in [EH01,BE00], respectively.

MSO interpretations have particularly nice properties: they are closed un-
der composition (!), and their inverses preserve MSO definability. The question
arises, how MSO tree interpretations are related to the tree transducers which
we have studied so far. In Section 4.2 we mentioned a famous class of tree trans-
lations which is closed under composition: those realized by single use restricted
attributed tree transducers (surATT). As it turns out, this class is closely related
to the class of MSO tree interpretations: adding a look-ahead facility to surATT
we obtain exactly the class of MSO tree interpretations [BE00]! Through this
characterization it can be shown that every MSO tree interpretation can be
realized by a macro tree transducer [EM99]. Now the question arises, which
subclass of MTT precisely characterizes the class of MSO tree interpretations?

By definition, any MSO interpretation is of linear size increase, i.e., the size
of any output structure is linearly bounded by the size of the corresponding
input structure. Recall that MTTs can be of double exponential size increase.
Maybe the restriction of MTTs to linear size increase exactly characterizes the
class of MSO tree interpretations?

First, the notion of single use restriction (sur) can be defined for MTTs,
and the resulting class (with regular look-ahead) is precisely equal to surATT
with look-ahead (and hence to the class of MSO tree interpretations). The
single use restriction is a quite strong static restriction on MTTs; hence, not
many transducers are single use restricted (sur), even though they might be
equivalent to a sur MTT. A more liberal, dynamic restriction is the “finite
copying” property. As it turns out, finite copying MTTs (with look-ahead)
realize the same class of translations as sur ones. Using this characterization, it
was possible (by a sequence of difficult punping arguments) to give a positive
answer to the above question: the MSO definable tree interpretations equal
precisely the MTT translations of linear size increase [EM03b].

5.3 Open Problems in Tree Transducer Theory

Slide 5.32 shows a small list of open problems in tree transducer theory. Of
course there are many more (mostly to be found in the concluding sections of
the papers cited here); the selection is purely based on the personal perspective
of the author.

The first problem concerns a composition construction. Since we know that
linear MTTs can be simulated by ATTs with look-ahead (Lemma 5 in [Man03a])
it follows from the results in [BE00] that the composition of an MSO definable
tree translation followed by a linear MTT can be realized by an ATT with look-
ahead and hence by an MTT. Instead of taking the detour of using ATTs we
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would like to have a direct construction that works on MTTs directly. Recent
progress on direct composition constructions for MTTs can be found in [Voi04].

The decidability of equivalence for MTTs is maybe the most fundamental
open problem concerning MTTs. Essentially, the only known subclass for which
decidability of equivalence is known is the class of (deterministic) top-down tree
translations [Ési79,CF82b]. Hence, there is huge room for improvement!

As we have seen in the previous sections, the class of MSO definable tree
translations is a decidable subclass of MTT, and even of the composition closure
MTT∗ of MTTs. There are many open questions concerning decidability of
subclasses: is the class of top-down tree translations/ATT translations decidable
within MTT/MTT∗? Is MTT decidable within the class of nondeterministic
MTT translations?

A fundamental open problem concerning a very small class of tree trans-
lations (namely, tree homomorphisms – hom) is to decide whether for a given
regular tree language R and a hom H the output language H(R) is regular. Intu-
itively, H(R) is regular if all copying present in H can be avoided. The problem
is related to the ground-reducibility problem, see Chapter 4 of [CDG+02] for
more details.

As discussed, the inverse type inference problem for MTTs is hyperexponen-
tial. It is an interesting engineering problem to find practical implementations
of inverese type inference which perform well on common XML transformations
(see [MBPS04]).

Last but not least, a field with growing interest is the memory efficient
representation of XML documents, or trees in general. In [BLM04] we pre-
sented a first approximation algorithm for finding the smallest context-free
tree grammar that represents a given tree. Note that such a grammar can be
double-exponentially smaller than the given tree. Furthermore, such a grammar
representation is also related to macro tree transducers [MB04]. The exact ap-
proximation ratio of our algorithm is not yet clear, and better approximations
seem possible; thus, there are plenty of research opportunities in this direction.
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