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Abstract

In Chapter 1, we associate a modal operator with each language belonging to
a given class of regular tree languages and use the cascade product of tree
automata to give an algebraic characterization of the expressive power of the
resulting logic. In Chapter 2, we provide a similar treatment of unordered trees.
In Chapter 3, we give an effective characterization of the expressive power of a
temporal logic on finite trees related to a fragment of CTL.



Chapter 1

1.1 Introduction

The cascade product and its semigroup theoretic variants have been very useful
and powerful tools in the characterization of the expressive power of several
logics over finite words, including first-order logic and its extension with modular
counting, c¢f. McNaughton and Papert [16], Straubing, Therien and Thomas
[23] and Straubing [22], linear temporal logic and the until hierarchy, Cohen,
Perrin and Pin [6] and Therien and Wilke [25], and modular temporal logic,
Bazirambawo, McKenzie and Therien [3], to mention a few references. In this
paper, our aim is to show that the cascade product of tree automata has the
same potential in the characterization of the expressive power of various CTL-
like temporal logics on finite trees. We associate a modal operator with each
language belonging to a given class of regular tree languages and use the cascade
product of tree automata to give an algebraic characterization of the expressive
power of the resulting logic. From our general results, we deduce algebraic
characterizations of the expressive power of several specific logics on finite trees
related to CTL.

Some notation When n is a natural number, we denote the set {1,...,n}
by [n]. Thus, [0] is another name for the empty set. When A is a set, A* denotes
the set of all finite words over A including the empty word.

1.2 Algebras

A rank type R is a finite nonempty set of nonnegative inyegers. To avoid trivial
situations, we assume that each rank type contains a positive integer. A ranked
alphabet 3 of rank type R is a disjoint union of finite sets X,,, n > 0, such that
for each n, ¥, # 0 iff n € R. The elements of ¥,, are called letters or symbols
of rank n, or when n = 0, constant symbols.

Suppose that ¥ is a ranked alphabet of rank type R. A ¥-algebra A consists



of a nonempty set A, called the carrier of A, and an operation op : A™ — A, for
each 0 € ¥,,, n > 0, called the interpretation of ¥. Homomorphisms, subalge-
bras, congruences, direct products, etc. are defined as usual, see, e.g., Gritzer
[13]. Suppose that A = (A4, (oa)sex) is a X-algebra and B = (B, (dp)sca) is a
A-algebra, where 3 and A are of the same rank type. We call A a renaming of
B if A= B and for each o € X,,, n > 0 there is a symbol § € A,, with o5 = Ip.

We will take the liberty of writing just o for op whenever the algebra A
is clear from the context. We call the algebra A finite if its carrier is finite.
Sometimes we do not specify the carrier of an algebra explicitly and follow the
practice that if A) B etc. denote algebras, then A, B ... denote the corresponding
carriers.

1.3 Trees and Tree Automata

Suppose that ¥ is a ranked alphabet. Let z1,2s,... be a fixed countable se-
quence of variables, and for each n > 0, let X,, denote the set {z1,...,2,}. The
set Tx(X,) of n-ary X-trees is defined as the least set containing ¥¢ and X,
(which are assumed to be disjoint) such that whenever t1,...,t,, are in Tx(X,,)
and o € X, then o(t1,...,ty) is also in Tx(X,). When n = 0, we write just
Ts. The elements of Tx, are called ground trees. Note that Tx is nonempty
iff ¥y is nonempty. Sometimes it is convenient to represent an n-ary tree as
a directed graph which is a rooted tree equipped with a labeling function that
maps vertices to letters in ¥ U X,, such that the outgoing edges of each vertex
are linearly ordered. Moreover, a vertex is labeled in o U X, iff it is a leaf, i.e.,
it has no successor, and is labeled in X, for some m > 0 iff it has m immediate
successors. The label of a vertex v in a tree will be denoted ¢(v). The notion
of subtree of a tree t rooted at a vertex v, denoted t,, is defined as usual. The
immediate subtrees of a tree are those rooted at the immediate successors of the
root. The depth of a vertex v in a tree t is the length of the unique path from
the root to v, where the depth of the root is 0. The depth of a tree is the length
of the longest path in the tree.

Trees ¢ € Tx;(X;) with a single leaf labeled z; are called contexts. A primitive
contert is a context of the form o(ty1,...,t;_1,%1,ti41,---,tn), Where o € X,
n>0,i€[n],and t1,...,t;_1,ti41,-..,tn € Tx. Thus, a primitive context is a
context such that the leaf labeled x; occurs at depth 1. We let CTx, denote the
set of all contexts in Tx(X7).

Suppose that t € Tx(X,) and ty,...,t, € Tx(X,,) are trees. Then the
tree resulting from t by substituting, for each ¢ € [n], a copy of t; for each
occurrence of z; in t, is denoted #(ty,...,t,). Note that this tree is in Tx(X,,).
The formal definition goes by induction on the structure of t. If t = o € X,
then #(t1,...,t,) = o0, and if t = z; for some i € [n], then t(t1,...,tn) = t;.
Last, if ¢ = o(s1,...,8;) with ¢ € X, s1,...,8; € Tx(X,), k > 0, then
t(tl,...,tn) = O'(Sl(tl,...,tn),...,sk(tl,...,tn)).



If A is a X-algebra with carrier A and t € Tx(X,,), then ¢ induces a function
A™ — A, denoted ta, or just t. The definition is standard, see, e.g., Gécseg and
Steinby [12] and Grétzer [13]. When n = 0, we identify ta with an element of
A.

To simplify the treatment, our temporal logics will be tailored so that only
sets of ground trees will be definable. Accordingly, a tree language over X is
a set L C Tx, of ground X-trees. In order to avoid trivial situations, when we
speak of tree languages, we will always assume that the underlying rank type
contains 0, so that each ranked alphabet contains constant symbols.

Suppose that ¥ is a ranked alphabet of rank type R with 0 € R. A X-
tree automaton is a Y-algebra that contains no proper subalgebras. A tree
automaton is finite if it is a finite algebra. A homomorphism of X-tree automata
is a Y-algebra homomorphism. Note that if A and B are X-tree automata, then
there is at most one homomorphism A — B. Moreover, any homomorphism of
tree automata is a surjective function.

Let A = (A, (0a)sex) be a tree automaton. The language accepted or recog-
nized by A with final states F C A is defined by

LAJF) = {teTx:ts € F}

A tree language L C Ty, is recognizable by the tree automaton A if L = L(A, F)
for some F' C A. A tree language L C T is regular if it is recognizable by a
finite tree automaton.

Each tree language L C Ty is recognizable by a canonical tree automaton
(unique up to isomorphism), the minimal tree automaton A of L. It has the
universal property that whenever L is recognizable by a tree automaton A then
there is a (necessarily unique) homomorphism A — Ay. Thus, a language L
is regular iff its minimal tree automaton is finite. It is known that a ¥-tree
automaton A = (A, (0a)sex) is isomorphic to the minimal tree automaton of
L C Ty iff L = L(A,F) for some (necessarily unique) F C A, and for any
a,b € A with a # b there is a context ¢ with c¢(a) € F and c(b) & F, or
c(a) € F and c(b) € F. Thus, the languages recognizable by A, are unions of
~r-equivalence classes, where the relation ~y on T%; is defined by

t~pt & VeeCTs (c(t) € L& c(t') € L).
Thus, L is regular iff ~j, is of finite index. For the reader’s convenience, we

include a proof of the following well-known fact.

Lemma 1.3.1 Suppose that L C Ty, is reqular. Then every language recogniz-
able by Ay is a boolean combination of quotients of L.

Proof. We know that the languages recognizable by Ay are unions of ~p-
equivalence classes. But each ~-equivalence class [t] can be written as

ﬂ 'L\ U c L.

tcc—1L tZc—1L



Since L is regular, the intersection and the union in the above formula are finite,
since each language ¢ 'L is recognizable by Ar. Thus, every ~r-equivalence
class [t] and every language recognizable by Ay, is the boolean combination of
quotients of L. |

Suppose that a rank type R with 0 € R is fixed. By a class £ of tree languages
we mean a collection of tree languages in T, for each ranked alphabet ¥ (of rank
type R). A class of regular tree languages consists of regular languages.

Let ¥ and A be two ranked alphabets of the same rank type. Given a tree
t € Tx(X,), a relabeling of t over A is obtained by changing the label of each
vertex of ¢ labeled in ¥,,, to some symbol in A,,, for each m > 0. Labels in X,
do not change. Different occurrences of the same letter in ¥ may be replaced
by different letters. A related notion is that of a literal tree homomorphism.
Suppose that h is a rank preserving function ¥ — A. Then for each n, h
determines a literal tree homomorphism T5(X,) — Ta(X,), also denoted h.
The image of a tree t € Tx(X,) is obtained from ¢ by relabeling each vertex
labeled o € ¥ by the letter h(o) (of the same rank). It is known that the class of
regular tree languages is closed under literal homomorphisms and inverse literal
homomorphisms. Thus, if L C Ta is regular and h is a literal homomorphism
as described above, then h='(L) = {t € T : h(t) € L} is regular.

In addition to relabelings and literal tree homomorphisms, we will make use
of quotients. Suppose that ¢ € CTx is and L C Tx. The quotient of L with
respect to c is defined as the tree language

¢c'L = {teTs:c(t) €L}

It is known that the class of regular tree languages is closed under quotients,
i, if L C Ty is regular and ¢ € CTsx, then ¢ 'L is regular. Moreover, a
tree language L C T is regular iff it has a finite number of different quotients,
i.e., when the set {¢7!L : ¢ € CTx} is finite. It is clear that a class £ of tree
languages is closed under quotients iff it is closed under quotients with respect to
primitive contexts. Other operations under which the class of regular languages
is closed include the boolean operations.

For the above facts and more results on tree automata and tree languages,
refer to any standard text such as Gécseg and Steinby [12].

1.4 Extended Temporal Logic

We now define our temporal logics on trees. We assume that a rank type R
with 0 € R is fixed and only coincide ranked alphabets of rank type R. Further,
we assume that each ranked alphabet comes with a fixed lexicographic order.

Syntaz. For a ranked alphabet X, the set of formulas over ¥ is the least
set containing the letters p,, for all ¢ € X, closed with respect to the boolean



connectives V (disjunction) and — (negation), as well as the following construct.
Suppose that L C Ta and that for each § € A, s is a formula over . Then

L(0 = @s)sea (L.1)

is a formula over Y. The notion of subformula of a formula is defined as usual.

Semantics. Suppose that ¢ is a formula over ¥ and ¢t € Tx,. We say that ¢
satisfies ¢, in notation t |= ¢, if

e ¢ = p,, for some ¢ € ¥, and the root of ¢ is labeled o, ie., t =
o(ty,...,tp), for some t1,...,t,, or

e po=¢'Vy'andtE ¢ ort =", or
e ¢ = ' and it is not the case that ¢ = ¢', or

e o = L(6 — ¢s)sen, and the characteristic tree t € Ta determined by ¢
and the family (p5)sea belongs to L. Here, t has the same underlying
digraph as t, and a vertex v is labeled § € A, in t iff v is labeled by some
o € X, in the tree t, moreover, ¢ is the first in lexicographic order on A,,
such that the subtree of ¢ rooted at v satisfies ¢, i.e., t, = ¢s. If no such
letter exists, then § is the last in the lexicographic order on A,,.

For any formula ¢ of over X, we let L, denote the language defined by ¢:

L(p = {tGTEItIZ(p}.

We say that formulas ¢ and 1) over ¥ are equivalent if L, = L. Throughout the
paper we will use the boolean connectives A (conjunction) and — (implication)
as abbreviations. Moreover, for any ranked alphabet ¥ and n € R, we define
t, = \/UEZ" ps and ff,, = —tt,,. Thus, ¢t = t,, iff the root of ¢ is labeled in X,,.
We further let &t = p, V —p,, where o is any letter in ¥ and ff = —t.

We will consider subsets of formulas associated with classes of tree languages.
When £ is a class of tree languages, we let FTL(L) denote the collection of
formulas all of whose subformulas of the form (1.1) above are such that L belongs
to L. We define FTL(L) to be the class of all languages definable by formulas
in FTL(L). It is clear that for each formula L(§ — ¢s)sea in FTL(L) over an
alphabet ¥ there is an equivalent formula L(d — ¢j)sea in FTL(L) over ¥ such
that the subformulas ¢ satisfy the following condition: There exist no ¢t € Tx,
and distinct letters 6,8’ € A, for some n, such that t = ¢} A ¢ . Indeed, when
the lexicographic order on A, is §; < ... < d, then we may define

90:5, = @5 A /\ 2T
j<i
for all ¢ € [k]. Alternatively, we may define

90:5.5 = ty Aps A /\ 2T
j<i



for all 7 < k as above, and

<,0:5,c = tW A /\ 2R
J<k

Thus, the modal formulas in FTL(L) over ¥ associated with a language L C Ta
in £ may equivalently be written as L(d — ¢5)sca, where the family (ps5)sea
satisfies the following condition: For each tree t € Tx there is exactly one ¢
with ¢ |= s, and if the root of ¢ is labeled in ¥, then this unique § belongs
to A,. Below we will call such families (ps)seca deterministic. Accordingly, we
will sometimes write modal formulas over ¥ associated with a language L C Ta
as L(d — @s)sen, where (ps)sea is a deterministic family of formulas over X.
When (¢s)sea is a deterministic family, we have ¢ |= L(d — @s)sca iff there
exists a relabeling 7 of ¢ in L such that for all vertices v, t, E Piy)- We call a
formula ¢ deterministic if for every subformula of ¢ of the form L(§ — ¢s)secn,
the family (ps)sea is deterministic. As shown above, for each ¢ € FTL(L)
there is a deterministic formula in FTL(L) which is equivalent to .

Remark 1.4.1 When R = {0, 1}, our logics FTL(L) are closely related to the
extended propositional linear temporal logics introduced in Wolper [26].

Example 1.4.2 For each alphabet X, FTL(() consists of those languages that
are unions of languages of the form {o(t1,...,t,) : t1,...,t, € Tx}, where
oc€X¥,,n>0.

Example 1.4.3 The boolean ranked alphabet Bool has exactly two symbols of
rank n, for each n € R, the symbols 1,, and |,,. Below we assume that the
lexicographic order on Bool satisfies 1,<{,, for each n € R.

For each i € [max(R)], let Lx, denote the regular tree language of all trees
in Tgoo1 Of depth > 1 such that the root has n immediate successors for some
n > i, and the ith immediate successor of the root is labeled by 1,,, for some
m. Then the modal operator corresponding to Lx; is a sort of next modality:
When (p5)scBool is a family of formulas over ¥ and ¢ € T, then t |= Lx, (6 —
©5)scBool I the root of ¢ is labeled by some symbol in ¥,, with ¢ < n, and the
ith immediate subtree satisfies ¢4,,, where m denotes the rank of the symbol
labeling the root of this subtree. Let Lx = Ujcmax(r))Lx;- Then t |= Lx (0 ~
©5)seBool iff ¢ is of depth > 1 and the subtree of ¢ rooted at some immediate
successor of the root vertex satisfies ¢y, for that m for which the successor
is labeled in X,,. Thus, when ¢ is a fixed formula over ¥ and ¢4, = ¢, for
all n € R, then t = Lx(d = @5)seBool for a tree t in Ty iff the depth of ¢ is
at least 1 and the subtree rooted at some immediate successor of the root of ¢
satisfies . We may denote this formula by X;p. Conversely, if (¢s5)seBool 18
any family of formulas over X, then Lx,(§ — ¢s)seBool may be expressed as

Xi(Aner(tn = #1,)-



Next, let Lgr C TBool denote the regular language of those trees in Tgoo)
having at least one vertex labeled in {1,: n € R}. Then for any (¢s5)scBoo and
t as above, t = LEr(0 — ©5)seBool iff the subtree rooted at some vertex labeled
in ¥,, for some n, satisfies ¢4,. Thus, the modal operator corresponding to
this language Lgy is closely related to the EF modality of CTL, cf. [19]. In the
same way, the CTL-modalities AG, EG, AF are closely related to the modal
operators associated with the following languages, where we use the letter p to
range over the maximal paths of a tree, while v ranges over vertices:

Lag = {t € TBool : YV t(’U) € {Tn n e R}}
Leg = {t € TBool : IpVv € p t(v) € {tn: 1 € R}}
Lar = {t €Trool: VpIv € p t(v) € {Tn:n € R}}.

Example 1.4.4 Next we define tree languages such that the corresponding
modal operators are closely related to the EU and AU modalities of CTL. For
this reason, we consider the ranked alphabet Tern having three symbols for each
n € R, Tn, Vn,4n, ordered as indicated. Below we will write u < v for vertices
u,v in the tree ¢t to express that v is strictly below w, i.e., u # v and v is a
vertex of the subtree ¢, rooted at u. Let

Lgy = {t € Trem : IpFVu < v (t(v) € {Th:n € R} At(u) € {V,:n € R})}
Lav = {t € Trern : VpIoVu < v (t(v) € {th:n € R} At(u) € {V, :n € R})},

where p ranges over maximal paths as above. The modal operators correspond-
ing to these languages are closely related to the EU and AU modalities of CTL.

Example 1.4.5 Last, we consider a version of modular counting. Let d > 1
and r with 0 < 7 < d be given natural numbers. Let Ly, denote the set of
all those trees in Tgool such that the number of vertices labeled in {1,: n € R}
is congruent to r modulo d. If ¢ is a tree in Tx and (@s)scBool is @ family of
formulas over X, then ¢ = Lg (6 — ¢5)sea iff the number of vertices v labeled
in ¥, n € R with ¢, = ¢4, is congruent to r modulo d.

1.5 Basic Results

In this section, we establish some elementary properties of the classes FTL(L),
where £ denotes a class of tree languages. We also study conditions on £ and
L' under which FTL(L) = FTL(L'). We again assume that a rank type R with
0 € R is fixed and that all considered ranked alphabets have rank type R.

Theorem 1.5.1 For each class L of tree languages, FTL(L) contains £ and is
closed with respect to the boolean operations and inverse literal tree homomor-
phisms.



Proof. Tt is obvious that FTL(L) is closed under the boolean operations. More-
over, each language L C Ty, in £ is definable by the formula L(o — p,)sex in
FTL(L). Assume now that h : sy — Tx is a literal tree homomorphism. We
argue by induction on the structure of the formula ¢ over ¥ in FTL(L) to show
that h~1(L,) is definable by some formula ¢ in FTL(L). When ¢ = p,, for
some letter o, then we define ¢ = Vh(a,):a Por- When o is not in the range
of h then this formula is ff. It is clear that Ly = h™*(L,). Suppose now that
© = @1 V 2 and that Ly, = h™'(Ly,), i = 1,2. Then we define ¢ = 1)1 V 9.
When ¢ = ¢y and Ly, = h™(Ly,), then let ¢p = —);. In either case, we
have Ly = h™!(L,). Finally, assume that ¢ = L(§ — ¢s)sca, and that for
each ¢ there is a formula 15 in FTL(L) with Ly, = h1(L,;). Then define
= L(§ — 15)seca. Let t € Txr. Since for all § € A and vertex v,

ty E s & h(ty) E ps & (W(1))y E vs,

the characteristic tree determined by ¢ and the formulas (s )sca is the same as
that determined by h(t) and the formulas ;. It follows that ¢t |= v iff h(t) | .
O

To prove that FTL is a closure operator, we need:

Lemma 1.5.2 Suppose that (ps)sca s a deterministic family of formulas over
Y and (1), er is a deterministic family of formulas over A. Lett € Ty, and T the
characteristic tree determined by t and (ps)sea- Then let s be the characteristic
tree determined by t and the family (7)) er. Then s is also the characteristic
tree determined by t and the family (L., (6 = ¢5)sca ) er-

Proof. First note that (L. (0 — ¢s)sea)yer is also a deterministic family.
Given t, for every vertex v,

tv ': LTs(v)((S — (P6)6€Aa

since for every vertex w below v, t,, |= Piw) and since fv € LTs(v). O

Next we show that FTL is a closure operator.

Theorem 1.5.3 FTL is a closure operator on language classes.

Proof. We have already seen that £ C FTL(L) holds for all £. It is clear
that FTL(L;) C FTL(L2) whenever £; C L2. Thus, to complete the proof, it
suffices to show that for any class £ of languages, FTL(FTL(L)) = FTL(L).
The inclusion from right to left follows from Theorem 1.5.1. To prove that
FTL(FTL(L)) C FTL(L), we argue by induction on the structure of the for-
mula ¢ over A in FTL(L) to show that for every deterministic family (ps)sea
of formulas in FTL(L) over an alphabet X, the formula L, (6 — ¢s)sca is ex-
pressible in FTL(L), i.e., there exists a formula in FTL(L) which is equivalent



to it. Assume first that ¢ = ps,, for some dp € A,,. Then L, is the set of
all trees in T whose root is labeled dg. It is clear that a tree ¢t € Ty, satisfies
L, (0 — ws)sen iff ¢ satisfies pg,, s0 that L,(6 — ¢5)sea is equivalent to ¢g,.
In the induction step, assume first that ¢ = @1 V ¢2. Then L, = L,, U L,
and thus L, (0 — ¢s)sea is equivalent to Ly, (6 — ¢s5)sca V Ly, (§ = ¢5)sea.
By induction, there exist ¢; and 1), in FTL(L) such that Ly, (d — ¢s5)sea is
equivalent to ¢;, i = 1,2. It follows that L, (0 — ¢5)sca is equivalent to ¢ Vihy
which is in FTL(L). Suppose next that ¢ = =1, so that L, = L, , the com-
plement of L,,. Then L,(d — ¢s5)sea is equivalent to =(Ly, (6 — @5)sea). It
follows from the induction hypothesis that L,(6 — ¢s5)sca is equivalent to a
formula in FTL(L). Assume finally that ¢ = K(y — 7,)yer, where K C Tr,,
K € £ and the family (7,)er is deterministic. Let # denote the characteristic
tree determined by ¢ and the family (¢s)seca, and let s denote the characteristic
tree determined by # and the family (7,),er. By Lemma 1.5.2, s is also the
characteristic tree determined by ¢ and (L., (6 = ¢s)sea)yer- Thus,

t ': K(’)/ = L“'«/ ((5 — W&)éeA)’yeF & seK.

We have thus shown that L,(6 — ¢s5)sca is equivalent to K(y — L. (6 —
¢s)scA)yer- By the induction hypothesis, for each « there is a formula .,
in FTL(L) which is equivalent to L. (6 = ¢s)sea. Thus, Ly(6 = ¢s)sea is
equivalent to K (y — ¢y )yer. |

The language classes FTL(L) are not necessarily closed under quotients.
However, we have:

Theorem 1.5.4 The following conditions are equivalent for a class of tree lan-
guages L:

1. FTL(L) is closed with respect to quotients.
2. Each quotient of any language in L belongs to FTL(L).

3. For each formula L(§ — s5)sea in FTL(L), over any alphabet X, and for
each context ¢ over A there is a formula in FTL(L) which is equivalent to

(¢ TL)(8 = ws)sea-

4. For each formula L(6 — vs)sea in FTL(L), over any alphabet ¥, and for
each primitive context ¢ over A there is a formula in FTL(L) which is
equivalent to (c™1L)(6 = ©vs)sen -

Proof. Tt is clear that the first condition implies the second and the third
condition implies the fourth. Moreover, the second condition implies the third
by Theorem 1.5.3. It remains to show that the fourth condition implies the first.
Suppose that ¢ is a formula over ¥ in FTL(£) and ¢ is a primitive context over
Y. We show that ¢ 'L, belongs to FTL(L). It follows by a straightforward
induction that FTL(L) is closed under quotients with respect to any context.

10



When ¢ is p,, for a letter ¢ € X, and the root of ¢ is labeled by a letter other
than o, then ¢ L, is (), which is definable by the formula f. When the root of
¢ is labeled o then c‘lLLp = T, which is defined by the formula t. We continue
by induction on the structure of ¢. Suppose that ¢ = 1 V s or ¢ = =1,
and assume that ¢ 'Ly, is defined by @; in FTL(L), i = 1,2. Then ¢ 'Ly, is
defined by @1 V@5 or =@y, respectively. Assume finally that ¢ is L(§ = ©5)sea,
where L C Ta and (ps)sca is a deterministic family. Suppose that the root of
¢ is labeled in X,,. Then for each §; € A,,, let ¢5, denote the context over A
obtained from ¢ by relabeling its root by dg and any other vertex u of ¢ labeled
by a letter in ¥,,, m > 0 by that letter § € A,, such that the subtree of ¢
rooted at u satisfies 5. By the induction assumption, for any § € A there
exists a formula @5 in FTL(L) defining ¢ L,,. Moreover, by assumption, for
each dg € A, there is a formula 75, in FTL(L) such that for all trees t € T,

tET, © tE(c, L) gs)sea-
Then let

¢ = V @5 NA1s)-
d0€AR,

We have, for all ¢t € Ty,

tEe & FdeA,, tlE o, At ETs
& 3o € Apg c(t) F ws, At (e L)(6 = ws)sea
& Jdo € Ay, c(t) E ps, ANs € cé_olL Yu ty | Qu(0)
& oo € Apgy,8 €TA c5,(5) € LAC(t) = w5, A YU ty = @s(0)
& c(t) E L — ps)sen
< ct) E e

This concludes the proof of Theorem 1.5.4. |

Corollary 1.5.5 1. For any class L of tree languages, FTL(L) = FTL(L'),
where L' is the least class containing L closed with respect to the boolean
operations and inverse literal morphisms.

2. For any class L of tree languages closed with respect to quotients, or such
that the modal operators associated with the quotients of the languages in
L are expressible in FTL(L) as in Theorem 1.5.4, FTL(L) = FTL(L'),
where L' is the least class containing L closed with respect to the boolean
operations, quotients, and inverse literal morphisms.

Suppose that K is a class of tree automata. We let Lx denote the class of
all tree languages recognizable by the tree automata in K. Conversely, when £
is a class of tree languages, let K denote the class of all minimal tree automata
of the languages in £. For each class K of tree automata, we define FTL(K) =
FTL(Lk) and FTL(K) = FTL(Lk).

11



Corollary 1.5.6 Let L denote a class of reqular tree languages. The following
conditions are equivalent.

1. FTL(L) = FTL(K).
2. There exists some class K of finite tree automata with FTL(L) = FTL(K).

3. There exists some class L' of reqular tree languages closed with respect to
quotients with FTL(L) = FTL(L').

4. Each quotient of any language in L belongs to FTL(L).
5. FTL(L) is closed with respect to quotients.

6. For each L in L, the modalities associated with the quotients of L are
expressible in FTL(L) as in Theorem 1.5.4.

Proof. The last three conditions are equivalent by Theorem 1.5.4. The first
condition clearly implies the second and the second the third which in turn
implies the fourth, since for a class K of tree automata, Lk is closed under
quotients. It remains to show that the fourth condition implies the first. But by
Lemma 1.3.1, when £ consists of regular languages, every language recognizable
by a tree automaton in K, is a boolean combination of quotients of some
language in £. It follows using Theorem 1.5.3 that FTL(K;) C FTL(L),
while the reverse inclusion is obvious. |

Example 1.5.7 Let L be any of the languages Lx;, i € [max(R)], Lgr, Lra,
Lgy, Lar, Lag, Lay. Then each quotient of L is definable in FTL({L}). Thus,
if £ is any subcollection of these languages, then the equivalent conditions of
Corollary 1.5.6 hold for L.

1.6 A Variety Theorem

Several different concepts of varieties of regular tree languages with correspond-
ing variety theorems have been proposed in the literature, cf. [1, 2, 20, 21, 9, 10].
The abundance of variety theorems is due to the fact that there exist several
different reasonable notions of homomorphisms and quotients for trees, and the
notion of syntactic algebra can be defined in several different frameworks: or-
dinary algebras, Almeida [1, 2], Steinby [20, 21], clones or Lawvere theories,
Esik [9], or preclones, Esik and Weil [10]. Here we present yet another variety
theorem that bears close connection to that given in Steinby [21].

In this section, all ranked alphabets are assumed to have a fixed common
rank type R containing 0. Suppose that A and B are X-tree automata. Since
tree automata are X-algebras, the direct product of A and B as an algebra is
defined. However, the direct product may not be a tree automaton since it is
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not always generated by the constants. Therefore we define the tree automaton
direct product, or ta-direct product of A and B as the smallest subalgebra of the
usual direct product. The direct product of any finite number of tree automata
is defined in the same way. We have already defined renamings of algebras. This
notion gives rise to tree automaton renamings, or ta-renamings. Suppose that
A is a Y-tree automaton and the A-algebra B is a renaming of A. (A is also of
rank type R.) Then B has a least subalgebra which is called a ta-renaming of
A

Recall that if A and B are ¥-tree automata and h is a homomorphism A — B,
then h is necessarily surjective. Thus we call B a quotient of A.

For the purposes of this paper, we define a (pseudo)variety of finite tree
automata to be any nonempty class of finite tree automata closed under the
ta~direct product, ta-renaming and quotients. A literal variety of tree languages
is any nonempty class of regular tree languages closed under the boolean oper-
ations, quotients and inverse literal tree homomorphisms. It is clear that both
varieties of tree automata and literal varieties form (algebraic) lattices.

The relevance of literal varieties to the logics FTL(L) is justified by the
following fact:

Corollary 1.6.1 When L is a class of reqular languages such that each quotient
of any language in L belongs to FTL(L) , then FTL(L) is a literal variety.
Thus, when K is a class of finite tree automata, then FTL(K) is a literal
variety.

Proof. By Theorem 1.5.1 and Corollary 1.5.6. The fact that when £ consists of
regular languages then FTL(L) is a class of regular languages will be established
independently in Corollary 1.9.9. Alternatively, one can embed FTL(L) into
monadic second-order logic and use one direction of the main result of Thatcher
and Wright [24] to the effect that every language definable in this logic is regular.

O

Theorem 1.6.2 The lattice of varieties of finite tree automata is isomorphic
to the lattice of literal varieties of tree languages. An isomorphism is given by
the assignment that maps each variety V of finite tree automata to the class
V = Lv of those tree languages recognizable by the members of V.

Proof. If V is a variety of finite tree automata then the class V = Ly of regular
tree languages is clearly nonempty and closed under the boolean operations
(since V is closed under the direct product), quotients and inverse literal tree
homomorphisms (since V is closed under renamings). We show that every literal
variety V of tree languages corresponds to some variety of finite tree automata.
Given V, let V consist of those finite tree automata that only accept languages
in V. It is clear that V is nonempty. Since any language recognized by the ta-
direct product of two finite tree automata is a boolean combination of languages
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recognized by the two tree automata, it follows that V is closed under the ta-
direct product. Since V is closed under inverse literal homomorphisms, we have
that V is closed under ta-renamings. Finally, since any language recognizable
by a quotient of a tree automaton A is recognizable by A, V is closed under
quotients. Thus, V is a variety of finite tree automata. Let VW denote the literal
variety Ly of all tree languages recognizable by the members of V. We want
to show that ¥V = W. The inclusion W C V is clear. Suppose now that L C Tx,
is in V and consider the minimal tree automaton A; of L. We know from
Lemma 1.3.1 that every language recognizable by Ay, is a boolean combination
of quotients of L. It follows that every language recognizable by Ay is in V), so
that Ay, € V. Thus, since L is recognizable by Ay, we have L € W. This proves
that V C W.

Suppose that V is a variety of finite tree automata with corresponding literal
variety V. Let W denote the class of all finite tree automata that only accept
languages in V. By the above argument, we know that W is also a variety and
is mapped to V under the correspondence given in the Theorem. It is clear that
V C W. We want to show the reverse inclusion. So let A be a X-tree automaton
in W. For each a € A, let L, C Tx, denote the tree language accepted by A
with unique final state a. Now each L, is in V and thus recognizable by some
tree automaton B, in V. Let B denote the direct product of the B,. Note that
B € V. We claim that A is a quotient of B. For each element b € B there is a
tree t € Ty, with b = tg = (tB, Jaca. We map b to h(b) = to. This map is well-
defined, for if tg = sg, for t,s € T%, then for each a, tg, = sg, , so that ¢t € L, iff
s € L,. This means that ty = sa. Since it is clear that A is a homomorphism,
A is a quotient of B, proving that A € V.

To complete the proof, assume now that V; and V5 are varieties of finite
tree automata with corresponding literal varieties V; and Vs. If Vi C V,, then
clearly V; C V5. Assume that V; C Vs. Then since V; consists of all finite tree
automata that only accept languages in V;, ¢ = 1,2, it follows that V; C V.

O

Remark 1.6.3 Suppose that V is a variety of finite tree automata and V is the
corresponding literal variety. Then a tree language belongs to V iff its minimal
tree automaton is in V. Moreover, V is the least variety of finite automata
containing the minimal automata of the languages in V, and a tree automaton
A is in V iff every language recognizable by A is in V.

Example 1.6.4 The least literal variety of regular languages contains for each
ranked alphabet ¥ (of rank type R) just the languages () and 7. The corre-
sponding variety of finite tree automata is the class of all trivial, i.e., singleton
tree automata. The greatest literal variety is the class of all regular languages.
The corresponding variety of finite tree automata is the class of all finite tree
automata.
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Example 1.6.5 For a nonnegative integer k, a tree language L C Ty is called
k-definite if the membership of a tree t € Ty, in L only depends on the cut-off of
t at depth k, i.e., on that part of the tree determined by the vertices of depth
strictly less than k. By extension, a tree language is definite if it is k-definite
for some k. For each k, let D denote the class of k-definite tree languages,
and let D denote the class of definite tree languages, so that D = J;~ Dk-
Note that for every ranked alphabet X, the only languages over ¥ contained
in Dy are () and Tx. Any 1-definite language over ¥ is a union of languages
of the form T, = {o(t1,...,tn) : t1,...,tn € Tx}, where 0 € ¥,, n > 0.
In general, any k-definite tree language is a union of languages of the form
T, = {t(t1,--.,tn) i t1,...,tn € T}, where t € Tx;(X,,),n > 0 is of depth < &,
moreover, each x; occurs at most (or exactly) once in ¢t and each leaf labeled in
X, is of depth k.

Definite tree languages were introduced by Heuter in [14] and subsequently
studied by Nivat and Podelski [17] and Esik in [8]. It is shown in these papers
(though stated in different form) that D and each Dy is a literal variety of
tree languages. The variety of finite tree automata corresponding to Dy, can
be described as follows. Call a X-algebra k-definite if it satisfies all equations
(in the sense of Universal Algebra, cf. Grétzer [13]) ¢ = s such that the trees
t,s € Tx(X,), n > 0 agree up to depth k, i.e., s and ¢t have equal cut-offs at
depth k. (Actually, it suffices to require this condition for trees of depth < k.)
A definite algebra is an algebra which is k-definite for some k. A definite tree
automaton (k-definite tree automaton) is a tree automaton which is a definite
algebra (k-definite algebra, resp.). We let D (Dy, resp.) denote the class of all
finite definite (k-definite, resp.) tree automata. For each k, Dy, is the variety of
tree automata corresponding to Dy, moreover, D is the variety corresponding
to D. See also [9].

It is clear that there exists an algorithm to decide whether a finite algebra
is k-definite. It follows that each Dy, is decidable: Given a regular tree language
L (by a finite tree automaton equipped with a set of final states), there is an
effective procedure to test whether or not L is k-definite. In Heuter [14], it is
shown that D is also decidable, see also Nivat and Podelski [17] and Esik [8].

1.7 The Cascade Product

Let R be a rank type kept fixed in this section. All ranked sets will be assumed
to be of rank type R.

Let A be a X-algebra, B a A-algebra, and « a family of functions «, :
A" x ¥, = A,, n € R. The cascade product A x, B determined by « is the
3-algebra with carrier A x B and operations

0((a17b1)7"'7(an7bn)) = (U(ala'"7an)76(b17-"7bn))7
where § = an(ai,...,an,0), for all ((ar,b1),...,(an,bn)) € AXx B, 0 € ¥,
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n € R. When 0 € R and A and B are tree automata, the ta-cascade product of
A and B determined by « is the least subalgebra of the above cascade product.
We use the same notation Ax B to denote a ta-cascade product of tree automata,
A and B. Moreover, below we will sometimes write just cascade product for the
ta-cascade product, direct product for the ta-direct product, etc. The direct
product is clearly a special case of the cascade product.

The cascade product of algebras (or tree automata) can be extended to
several factors: Ay Xq, Ao X gy ... Xq,_, A,. Here, when A; is a ¥;-algebra, then
«; is a family of functions

(A1 x ... x A1) X (Z)m = (Z)m, mER.

Note that Ay X4, Ay Xy --- Xa,_; A, is a X;-algebra (X;-tree automaton).

Suppose that A is a ¥-algebra and « is a family of functions A™ x ¥,, —
A,. Then we call the pair (A ,«) a tree transducer. For each n > 0, the
tree transducer (A, o) induces a mapping f : T, — Ta, called the relabeling
induced by (A, a). Given a tree t € Ts(X,,), f(t) is defined as follows. When
t =0 € Yo, then f(t) = ag(o). Suppose now that ¢ = o(ty,...,t,), where
m > 0,0 € ¥, and t1,...,tm € Tx. Then f(t) = 6(f(t1),--., f(tm)), where
0 =am((t)a,---, (tm)a,o). More generally, when ¢t € Tx(X,,) and ay,...,a, €
A, n >0, we define fi,, ... q,)(t) as follows: When ¢t = z; with i € [n], then
f(a1,.yan)(t) = 3, and when t = o € B, then f(4, . 4,)(t) = ag(c). Moreover,
when t = o(t1,...,tm), where m > 0, o € £, and t1,...,tm € Tx(X,), then
f(al,...,an)(t) = 6(f(a1,...,an)(t1)7 R f(a1,...,an)(tm))7 where

0= am((tl)A(al, - ,an), ey (tm)A(al, .. .,an),a).

Below we will write a(t) for f(t) and aq,,....q,)(t) for fia,,...a.)(t)-

Proposition 1.7.1 Suppose that C = A x, B is a cascade product of the X-
algebra A and the A-algebra B. Then for any tree t € Tx, tc = (ta,ss),
where s = «a(t) is the image of t with respect to the relabeling induced by
(A,a). More generally, for every t € Tx(X,) and (a;,b;) € A X B, i € [n],
tC((ala bl): st (an7 bn)) = (tA(ala s 7an)7 SIB(bla ) bn)); where s = a(al,...,an)(t)'
A similar fact holds for the ta-cascade product.

Proof. By a straightforward induction on the structure of . O

By a closed variety of finite algebras we mean a nonempty class of finite
algebras (of the same rank type R) closed with respect to the cascade product,
renamings, subalgebras, and homomorphic images. Similarly, a closed variety
of finite tree automatae is any nonempty class of finite tree automata closed
with respect to the ta-cascade product, ta-renaming and quotients. It is clear
that any closed variety of tree automata is a variety. For any class K of finite
tree automata, we let K denote the least closed variety of finite tree automata
containing K. Moreover, when V and W are closed varieties of finite tree
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automata, then we define V'V W as the least closed variety containing both V
and W, ie., VYW =VUW.

Remark 1.7.2 Suppose that K is a class of finite algebras that contains all of
the trivial algebras. Then K is a closed variety iff it is closed under the cascade
product, subalgebras, and homomorphic images. Similarly, if K is a class of
finite tree automata containing the trivial (singleton) tree-automata, then K is
a closed variety of finite tree automata iff it is closed under the cascade product
and quotients.

Remark 1.7.3 Suppose that K is a nonempty class of finite algebras. It is
known (cf., e.g., Esik [8]) that the least closed variety containing K consists
of all homomorphic images of subalgebras of cascade products Ay x,, As X4,
.. Xaq,_, Ay, where A; is a renaming of an algebra in K and each A; with ¢ > 1
is in K, or when K contains all the trivial algebras, each A; is in K. A similar
fact holds for finite tree automata.

An example of a closed variety of finite algebras is the class of all finite
definite algebras. Let Dy (R), or just Dy denote the Bool-algebra (i.e., X-algebra
with ¥ = Bool) with carrier {0,1} and constant valued operations

Jrn(ala---;an)
T (a1,.-.,a,) = 1, n€R.

Note that when 0 € R, then I is a tree automaton. The following result was
proved in Esik [8].

Theorem 1.7.4 The class of all finite definite algebras is the least closed vari-
ety containing the algebra Dy .

It follows that when 0 € R, then the class D of finite definite tree automata
is a closed variety of finite tree automata and is generated by Dy.

1.8 Definite Tree Languages, Revisited

In this section, all ranked alphabets are assumed to have a fixed rank type R
with 0 € R.

We say that the next modalities are expressible in the logic FTL(L) if for
all alphabets ¥ and integers i with ¢ € [max(R)], and for every formula ¢ in
FTL(L) over X, there exists a formula X;p in FTL(L) such that for all trees
teTs, tE X;piff tis of the form o(ty,...,t,), where n > i, and t; = .
More generally, there is a canonical way to assign a word w in [max(R)]* to
every vertex of a tree t € Ty, the “address” of v (see, e.g., Nivat and Podelski
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[17]). Given a word w € [max(R)]*, we say that the modality X,, is expressible
in FTL(L) if for every formula ¢ in FTL(L) over any alphabet ¥ there exists
a formula X, ¢ in FTL(L) such that for all trees t € Tx, t = X, iff ¢t has a
vertex v at the address w and the subtree ¢, rooted at this vertex satisfies ¢.
It is clear that for all words w,w' and for all formulas ¢, X, X, is equivalent
to the formula X, .

The following fact is clear.

Proposition 1.8.1 The following conditions are equivalent for a logic FTL(L):

1. The next modalities are expressible in FTL(L).
2. For every w, the modality X,, is expressible in FTL(L).
3. For each i € [max(R)], FTL(L) contains the language Lx;.

Proof. Since for each i, the formula X;(\/,,c; T») defines Lx; over the ranked
alphabet Bool, the first condition implies the third. Moreover, since X;yp is
expressible as Lx; (§ — ts)seBool, where ¢y, = ¢ and ¢y, = —p for all n € R,
the third condition implies the first. m|

The languages Lx, were defined in Example 1.4.3. Let £Lx = {Lx, : i €
[max(R)]}. Below we denote the logic FTL(Lx) by CTL(X), and the tree lan-
guage class FTL(Lx) by CTL(X).

Proposition 1.8.2 CTL(X) = D.

Proof. We know that each definite language over X is a finite union of languages
of the form T; defined in Example 1.6.5. The property that a tree belongs to
T} is clearly expressible using the X,s. For the reverse inclusion, one argues
by induction on the structure of the formula ¢ over ¥ in CTL(X) to show that
L, € D. The base of the induction is clear. In the induction step, the case
of boolean connectives is covered by the fact that D is a literal variety and is
thus closed under the boolean operations. Finally, one proves that if (¢5)scBoo
define definite languages, then so does the formula ¢ = Lx,(§ — ©5)scBool, for
each 4. Indeed, in this case L, is the collection of all trees whose root is labeled
by a symbol of rank > 4 such that the ith immediate subtree satisfies @1, , where
the root of this subtree is labeled in X;,,. Now if Ly, is k-definite, then L, is
(k + 1)-definite. O

Corollary 1.8.3 The following conditions are equivalent for a logic FTL(L):

1. The next modalities are expressible in FTL(L).

2. For every w, the modality X,, is expressible in FTL(L).
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3. Lx C FTL

—~

L).
L).
5. D C FTL(L).

4. Dy CFTL

—~

Corollary 1.8.4 FTL(L) =D iff L C D and Lx C FTL(L).

1.9 Main Results

In this section, all ranked sets are assumed to have a fixed rank type R with
0 € R. In the next two proposition, let £ denote a class of tree languages.

Proposition 1.9.1 Suppose that A and B are finite tree automata and C =
A x4 B is a ta-cascade product of A and B. If every language recognizable by
A or B belongs to FTL(L), and if the next modality is expressible in FTL(L),
then every language recognizable by C also belongs to FTL(L).

Proof. Suppose that A is a ¥-tree automaton and B is a A-tree automaton, so
that C is a ¥-tree automaton. Let h denote the unique homomorphism 75, — C.
It suffices to show that for each (a,b) € C, the language h~!((a, b)) belongs to
FTL(L).

For every t € Ty, tc = (ta, sB), where s = a(t) is the image of ¢ under the
relabeling induced by the tree transducer (A, a). (See Proposition 1.7.1.) Thus,

h1((a,b)) = {t:ta=aAsp=0b}.

By assumption, for each a € A there exists a formula 7, over ¥ in FTL(L)
defining the set of trees h=!(7~(a)), where 7 denotes the projection C — A,
(a,b) — a. For each b € B, let T, = {s € Ta : sg = b}. We construct
a (deterministic) family of formulas (¢s)sca over ¥ such that for each tree
t € Ty, the characteristic tree determined by ¢ and this family is exactly a(¢).
For each o € X¥,,, we define:

05 = \/ Po AN X1Tay Ao o A X T,

Cn (@1 yerern ,0)=0
Given (a,b) € C, let
¢ = TaATH(6 = ps)sea-
Then we have
L, = {teTxs:ta=aNat) €T}
= {teTx:tc=(a,b)}
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Since by assumption Tj is definable in FTL(L) and the next modalities are
expressible, it follows from Theorem 1.5.3 that there is a formula in FTL(L)
which is equivalent to . |

Proposition 1.9.2 Suppose that ¢ = K(§ — ©s5)sca is a formula over ¥ in
FTL(L), where (vs)sea is a deterministic family. Suppose that K is recognizable
by B and that each L, is recognizable by A, where A and B are possibly infinite
tree automata. Then L, C Tx, is recognizable by a ta-cascade product of A and
B.

Proof. Let h denote the unique homomorphism 75 — A and hg the unique
homomorphism TA — B. For each § € A, let F5 denote the set h(Ly,). Since
(ps)sen is a deterministic family, the sets Fjy are pairwise disjoint. For each
o € X, and ay,...,a, € A, n € R, define a,(a,...,a,,0) =48 € A, iff
oalai,...,a,) € F5. By the above remark, there is at most one such §. To
see that there is at least one, take t; € Tx with (¢;)a = a;, ¢ € [n]. Then
let t = o(t1,...,tn). There exists some § € A, with ¢t = ¢s. Therefore
oalai,...,an) = ta € F5. Now it follows that for every t € Ty, the characteristic
tree determined by ¢ and the family (p5)sca is exactly a(t), the image of t under
the relabeling induced by (A, ). It follows that L, is recognized by C with set
of final states {(a,b) : b € hx(K)}. O

Theorem 1.9.3 For any class K of finite tree automata, every language in the
class FTL(K) is recognizable by some tree automaton in KV D.

Proof. Let ¢ denote a deterministic formula over ¥ in FTL(K). We show that
L, is recognizable by some automaton in KVvD. When @ is p,, for some o € ¥,
then L, is 1-definite and thus recognizable by some automaton in D; C D. We
continue by induction on the structure of ¢. Assume that ¢ = ¢1 V @2 such
that L, is recognizable by A; in KV D, 4 = 1,2. Then L, is recognizable by
the ta-direct product A; x Ay which is also in K vV D. When p = 1, where
Ly, is recognizable by A; above, then L, is also recognizable by A;. Finally,
when ¢ = L(0 — ¢5)sea and each L, is recognizable by some tree automaton
inKV D, then it follows by Proposition 1.9.2 that L, is recognizable by some
tree automaton in K v D. (Note that since K VD is closed with respect to
the direct product, we may assume without loss of generality that each L, is
recognizable by the same tree automaton A in Kv D). |

Remark 1.9.4 In the above proof, we did not use the assumption that K
consists of finite automata. Our argument gives that for any class K of possibly
infinite tree automata, every language in FTL(K) is recognizable by some tree
automaton in the least class of tree automata containing K and D, closed with
respect to the ta-cascade product.
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Theorem 1.9.5 Suppose that the next modalities are expressible in FTL(K),
where K is a class of finite tree automata. Then a language L belongs to
FTL(K) iff its minimal tree automaton A;, belongs to KV D iff L is recog-

nizable by an automaton in KV D.

Proof. We know from Corollary 1.8.3 that FTL(K) contains the definite tree
languages and thus FTL(K) = FTL(K UD), by Theorem 1.5.3. Let us define
the rank of A € K VD to be the smallest number of ta-cascade product and
quotient operations needed to generate A from K UD. (Recall Remark 1.7.2.)
We prove by induction on the rank of A that every language recognizable by A
is in FTL(K UD). When the rank is 0 we have A € K UD and the result is
immediate. When the rank of A is positive, then A is either a quotient of a tree
automaton B in K V D of smaller rank, or A is a ta-cascade product of some
tree automata in K V D of smaller rank. In the first case, every language rec-
ognizable by A is recognizable by B. In the second case, the result follows from
Proposition 1.9.1. Conversely, by Theorem 1.9.3, every language in FTL(K) is
recognizable by some tree automaton in K vD. O

By combining Theorem 1.7.4 with the above result, we have:

Corollary 1.9.6 Suppose that the next modalities are expressible in FTL(K),
where K is a class of finite tree automata. Then a language L belongs to

FTL(K) iff its minimal tree automaton Ar, belongs to K U {Dy} iff L is recog-
nizable by an automaton in K U {Dy}.

Example 1.9.7 The assumption in the above result that the next modalities
be expressible in FTL(K) is important. Indeed, let K = (. Then FTL(K) is
the class D; of all 1-definite tree languages, while KVvD = D which corresponds
to the literal variety D of all definite tree languages that properly contains D;.

Corollary 1.9.8 Suppose that L is a class of reqular languages such that each
quotient of any language in L belongs to FTL(L) and the next modalities are
expressible in FTL(L). Then a language L belongs to FTL(K) iff its minimal

tree automaton Ay, belongs to Ko U {Dy } iff L is recognizable by some automaton
mK U {]D)O }

Corollary 1.9.9 For each class L of regular tree languages, FTL(L) consists
of regular languages.

Call a nonempty class of regular tree languages £ closed if FTL(L) C £ and
if £ is closed with respect to quotients. By Theorems 1.5.1 and 1.5.4, every
closed class is a literal variety of tree languages. Moreover, by Corollary 1.5.6,
L is closed iff £ =FTL(L') for a class L' of regular tree languages closed with
respect to quotients iff £ = FTL(K) for a class K of finite tree automata.
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Recall that by Theorem 1.6.2, the assignment

V — Ly ={L:L is recognizable by some A € V}
= {L :Ar € V}

defines an order isomorphism between varieties V of finite tree automata and
literal varieties V of tree languages. The inverse assignment maps a literal
variety V to the class of those finite tree automata A such that every language
recognizable by A belongs to V.

Theorem 1.9.10 If V is a closed variety of finite tree automata containing
D, then Lv = FTL(V). Moreover, the assignment V — FTL(V) defines an
order isomorphism between closed varieties V of finite tree automata containing
D and closed classes L of regular tree languages containing D.

Proof. If V is a closed variety containing D, then by Theorem 1.9.5 and Corol-
lary 1.8.3, Lv = FTL(V). Moreover, FTL(V) contains D. By the Variety
Theorem, we have Vi C Vy iff Ly, C Lv,. Finally, the map is surjective,
for if £ is a closed class of regular tree languages containing the definite tree
languages, then £ = Ly for some variety V of finite tree automata containing
D. By Proposition 1.9.1, V is closed with respect to the ta-cascade product,
and £ = FTL(V). m|

1.10 Some Applications

Recall that L£x denotes the set of languages {Lx;, ¢ € [max(R)]}. Recall the
definitions of the languages Lgr, Lrg, Lgy. The minimal tree automata of the
latter three languages can be described as follows. The minimal automaton of
Lgr is Er (R), which has two elements, 0,1, and operations

T (by,.. . by) = 1
bn (b1, ..., bn) bV ...Vby,

for all by,...,b, € {0,1}, n € R. The minimal automaton Eg (R) of Lgg also
has two elements, 0,1. The operations are:

1 ifn=0
To (bry--o2bn) = { biV...Vb, ifn>0
J«n (bla"'7bn) = 07
for all by,...,b, € {0,1}, n € R. Finally, the minimal automaton Ey (R) of
Lgy is defined on the set {0,1} by
Tn (brs---ybn) = 1
Vy (b1, ) = biV...Vb,
J«n (bla ) = 0,

Il

oo b
co b
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for all by,...,b, € {0,1}, n € R. Below we will just write Ep,Eq,Ey for the
automata Ep (R), Eg (R),Ey (R) whenever R is understood. We define

CTL(X,EF) = FTL(ﬁxU{LEF})
CTL(X,EG) = FTL(Lx U{Lgc)})
CTL(X,EF,EG) = FTL(Lx U{Lgr, Luc})

CTL = FTL(Lx U{Lgyu}).

By Example 1.5.7 and Corollary 1.8.3, all assumptions of Corollary 1.9.8 apply
to the sets of languages used in the above definitions. Note that the minimal
automaton of Lgp is a renaming of a reduct of the minimal automaton of Lgy,
and the minimal automaton of Lgg is a renaming of a reduct of the minimal
automaton of Lgy. Thus, CTL = FTL(Lx U {Lgr, LG, Leu}).

Theorem 1.10.1 1. ForY € {F,G}, a tree language belongs to CTL(X,EY)
iff its minimal tree automaton is in {Ey,Dp}.

2. A tree language belongs to CTL(X, EF, EG) iff its minimal tree automaton
is in {Er,Eq, Do }.

3. A tree language belongs to CTL iff its minimal automaton belongs to
{Ev }.

Proof. The first two statements follow from Corollary 1.9.6. The third statement
follows from Corollary 1.9.6, Theorem 1.7.4, and the fact that Dy is isomorphic
to the reduct of Ey obtained by forgetting about the V-operation. |

Remark 1.10.2 The logic defining the class CTL(X, EF, EG) is closely related
to the logic introduced in Ben-Ari, Manna and Pnueli in [4].

The minimal automata of Lag, Lar and Lay are respectively isomorphic to
the minimal automata of Ly, Lgg and Lgy. Thus, CTL(X,EF) = FTL(Lx U
{Lac}), CTL(X,EG) = FTL(Lx U {Lar}), CTL(X,EF,EG) = FTL(Lx U
{LA(;,, LAF}) Moreover, CTL = FTL(E)(U{LEF, LE(;, LEU: LAF; LA(;, LAU}) =
FTL(LX @] {LAF,LAg,LAU}) = FTL([,X @] {LAU})-

Remark 1.10.3 Suppose that R = {0, 1}. To each finite alphabet A let us asso-
ciate the ranked alphabet ¥ 4 of rank type R with (X4); = A and (¥4)0 = {#}.
We may identify each word u € A* with a term in T, . Using this identification,
the logic CTL essentially becomes LTL, propositional linear temporal logic, cf.
[19]. It follows from the above algebraic characterization of the class CTL that
a language L C A* is definable in LTL iff its minimal automaton belongs to the
least class of ordinary automata containing the “binary identity-reset automa-

ton”, closed under the cascade composition, subautomata, and homomorphic
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images. This fact was proven by Cohen, Perrin and Pin in [6] (using the wreath
product instead of the cascade composition). In fact, our methods and results
generalize those of [6]. The binary identity-reset automaton has two states,
0,1, and three input letters inducing the two constant functions and the iden-
tity function on {0, 1}, respectively. Using the Krohn-Rhodes Decomposition
Theorem [7], it then follows that a language L C A* is definable in LTL iff
its syntactic monoid is aperiodic. Thus, by the characterization the expressive
power of first-order logic on finite words in McNaughton and Papert [16], one
derives Kamp’s theorem [15] to the effect that first-order logic on finite words
is equivalent to propositional linear temporal logic, see also Gabbay, Pnueli,
Shelah and Stavi [11].

Recall from Example 1.4.5 the definition of the languages Lq ,, where d > 1
and 0 < r < d. The minimal tree automaton My of Ly, has d elements,
0,...,d—1, and operations

T (r1ye.oyrn) = (m+...+4rp,+1) modd
In (riye.oyrn) = (ri+...4+7r,) modd,

for all r1,...,7, € {0,...,d — 1} and n € R. For each d, let L4 = {Lq, : 0 <
r < d}, and let Linoa = Uysq La. Define

CTL + MOD(d) FTL(,CX U {LEU} U ﬁd)
CTL+MOD = FTL(LxU {LEU} U Limod)-

Using Theorem 1.9.5, we obtain:

Theorem 1.10.4 1. For every d > 1, a tree language belongs to CTL +
MOD(d) iff its minimal tree automaton is in {Ey,My}.

2. A tree language belongs to CTL +MOD iff its minimal tree automaton is
in the least closed variety containing Ey and the tree automata My, d > 1.

1.11 Conclusion

We have associated a modal operator with each language L of finite trees, and
a logic FTL(L) with each class £ of languages of finite trees. We have shown
that several natural modal operators can be captured by suitably chosen lan-
guages. Then, for certain classes £ of regular tree languages, we reduced the
problem of the characterization of the expressive power of the logic FTL(L) to
an algebraic problem thus making it possible to study the expressive power of
the logics involved by the powerful methods of algebra. This approach has been
very fruitful for logics on finite and w-words. Our general results have many
immediate applications and we have presented some.
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In order to transform the obtained concrete algebraic characterizations (e.g.,
that in Theorem 1.10.1) into decision procedures, one has to develop a structure
theory of finite algebras. In Part 3, we will use Theorem 1.10.1 to derive an
effective characterization of the language class CTL(X, EF). This characteriza-
tion complements the results recently obtained by Bojanczyk and Walukiewicz
in [5]. In Part 2, we will extend our general results to finite trees such that the
outgoing edges of a vertex are not ordered.
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Chapter 2

2.1 Introduction

In Chapter 1, we considered temporal logics on trees as defined in tree automata
theory, cf. Gécseg and Steinby [12]. Such trees are ordered, since the outgoing
edges of each vertex are equipped with a linear order. However, the tree models
of the usual temporal logics such as CTL are unordered. In Chapter 2, we
consider temporal logics on finite unordered trees. In our main result, we provide
an algebraic characterization of the expressive power of a wide class of temporal
logics on finite unordered trees.

When ay, . .., ay is afinite family of elements of a set A, then we let {{a1,...,a,}}
denote the multiset over A, where each a € A appears with multiplicity ) 1,
the total number of occurrences of a in the family.

a;=a

2.2 Unordered Trees

In this section, all ranked alphabets have a fixed common rank type R. We call
a Y-algebra A commutative if it satisfies all equations

O-(xla"'axn) = o(xw(l)a"'7$7r(n))7

for all ¢ € ¥,, n > 0, and for all permutations 7 : [n] — [n]. When 0 € R,
a commutative Y-tree automaton is a X-tree automaton which is a commuta-
tive algebra. Homomorphisms of commutative X-algebras (X-tree automata,
respectively) are Y-algebra homomorphisms. Note that for each X, the class of
all commutative X-algebras is a Birkhoff variety, cf. Grétzer [13].

We say that a tree language L C Ty is closed under permutations, or per-
mutation closed, if for each t = to(o(t1....,t,)) in L, where t = to € Tx(X1)
(or tg € CTx), 0 € X,,, n > 0, and ty,...,t, € Tx, and for all permutations
7 : [n] = [n], if t € L then to(o(tray,---,tx(n))) € L. The following fact is
clear.
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Proposition 2.2.1 Suppose that 0 € R and L C Tx. Then the following are
equivalent.

1. L is recognizable by a commutative X-tree automaton.
2. The minimal automaton Ay is commutative.

3. L is closed under permutations.
Similarly, the following conditions are also equivalent.

1. L is recognizable by a finite commutative X-tree automaton.
2. The minimal automaton Ay is finite and commutative.

3. L is regular and closed under permutations.

If a language is closed under permutations, then it can represented by a set
of unordered trees, defined below.

Suppose that ¥ is a ranked alphabet (of rank type R) and n > 0. An n-
ary unordered Y-tree, or n-ary unordered tree over X, is either a letter o € X,
or a variable z; in X,, or an ordered pair (o,{{t1,...,tm}}) consisting of a
letter 0 € ¥,,,, m > 0 and a multiset {{t1,...,tm}} of n-ary unordered trees
t1,...,tm over X, denoted of{{t1,...,tm . We let Us(X,,) denote the set of
all n-ary unordered X-trees. We may turn Us(X,,) into a X-algebra, Ux(X,,),
by defining ouy(x,)(t1, .- tm) = o{{ts,...,tm}}, for all 0 € ¥,;,, m > 0 and
t1,--,tm € Us(X,). When m = 0, this tree is 0. When n = 0, we just
write Uy and Uyx. It is clear that the algebra Uy is initial in the Birkhoff
variety (cf. Gréatzer [13]) of all ¥-algebras satisfying the commutativity laws
defined above. Similarly, for each n > 0, Uy (X,,) is freely generated by X,, in
the Birkhoff variety of all 3-algebras satisfying the commutativity laws. Since
Ty (X,) is freely generated by X, in the class of all ¥-algebras, there is a unique
homomorphism Tx(X,) = Ux(X,) which is the identity function on X,, that
we denote in this section by hx. Note that hy is surjective. (The integer n does
not appear in the notation). Thus, if ¢ € T then hyx(t) € Us.

Each t € Ux(X,) may be represented by a directed graph which is a rooted
tree and is equipped with a labeling function consistently mapping the set of
vertices to ¥ U X,,. But contrary to the case of (ordered) X-trees, the outgoing
edges of a vertex are not ordered. When ¢ € Tx(X,,), hx(t) is obtained from ¢ by
forgetting about the order on the outgoing edges of the vertices. For unordered
trees, the notions of subtree, immediate subtree, successor of a vertex, etc. are
defined as for ordered trees. The subtree of a tree t € Us(X,,) rooted at vertex
v is denoted t,.

Suppose that 0 € R and ¥ is a ranked alphabet. A subset of Uy is called an
unordered tree language. A class of unordered tree languages is any collection
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L of unordered tree languages in Uy, for all ranked alphabets ¥ (of rank type
R). When L is a class of (ordered) tree languages, then for each ¥, the class
h(L) contains those unordered tree languages over ¥ of the form hy (L), where
L CTx isin L. Conversely, if L is a class of unordered tree languages, then for
any ¥, h~ (L) contains the languages hs;' (L), for all L C Tx, L € £. Note that
h(h=1(L)) = L.

The following facts are clear.

Proposition 2.2.2 For each L C Tx, hy'(hs(L)) is the least permutation
closed tree language containing L. Thus, L is permutation closed iff L =

hs' (hs(L)).

Proposition 2.2.3 The permutation closed tree languages in Ts; form a boolean
algebra isomorphic to the boolean algebra of unordered tree languages in Us, an
isomorphism is given by the assignment L — hx (L), for all permutation closed
L C Tx. The inverse of this isomorphism is given by the map L — hgl(L),
L CUs.

Proposition 2.2.4 The lattice of all classes of permutation closed tree lan-
guages is isomorphic to the lattice of all classes of unordered tree languages,
an isomorphism being the map L — h(L), where L is a class of permutation
closed ordered tree languages. The inverse of this isomorphism maps a class L
of unordered tree languages to h=1(L).

Using Proposition 2.2.3, we have:

Proposition 2.2.5 For each class L of unordered tree languages, L is closed
under the boolean operations iff h=1(L) is closed.

Next we treat inverse literal homomorphisms on unordered tree languages.
Suppose that ¥, A are ranked alphabets (of rank type R). It is clear how to
extend any rank preserving function k : A — ¥ to a function Uan — Uy, called
a literal tree homomorphism. When L C Uy and k is a literal homomorphism
Ua — Us, we call k~1(L) the inverse image of L under the literal homomor-
phism k. Recall from Chapter 1 that each rank preserving function k : A —» ¥
also induces a literal homomorphism Th — T of ordered trees, denoted by the
same letter.

Proposition 2.2.6 For each language L C Uy and for any rank preserving
function k: A = %, hx'(k7Y(L)) = k= (hg' (L)).

Proof. Immediate from the fact that for all t € Ta, hx(k(t)) = k(ha(t)). m|
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Corollary 2.2.7 For any class L of unordered tree languages, L is closed under
inverse literal homomorphisms iff so is h=*(L).

Last, we consider quotients. Suppose that ¥ is a ranked alphabet and ¢ €
Us;(X1) contains exactly one vertex labeled x1. Then for any language L C Uy,
we define the quotient of L with respect to t to be the language t™'L = {s €
Us : t(s) € L}. Here, t(s) is the tree obtained from ¢ by substituting s for the
vertex of ¢ labeled z;.

Lemma 2.2.8 For any L C Us, t € Us(X1) with a single occurrence of x1, and
for any s € hg'(t), hg' (¢~ *L) = s~'(hg' (L)). Thus, t~'L = hx(s~'(hs'(L))).

Proof. Use the fact that for any tree t' € Tx;, we have hx(s(t')) = hx(s)(hs(t)).
Thus,

t' e hg'(t7'(L)) hs(t") € t7(L)
t(h=(t')) € L
hs(s)(hs(t') € L
hz(s(tl)) €L

s(t') € hg'(L)

t' e s Hhx'(L). O

KO R

Corollary 2.2.9 For any L C Us, t € Us(X1) with a single occurrence of x1,
and for any s1,ss € hy'(t), 57" (hs' (L)) = 85" (hs'(L)).

Corollary 2.2.10 Suppose that L is a class of unordered tree languages. Let
K denote the class of all quotients of the languages in L, and K' the class of all
quotients of the languages in h=*(L). Then h=1(K) =K', so that K = h(K').

By the above Corollary, if £ and £’ are two classes of unordered tree lan-
guages, then £’ contains all quotients of the languages in £ iff h=1(L') contains
all quotients of the languages in h=1(L).

Corollary 2.2.11 A class L of unordered tree languages is closed with respect
to quotients iff h=1(L) is closed with respect to quotients.

2.3 Logics

Suppose that a rank type R with 0 € R is fixed. We assume that each ranked
alphabet is linearly ordered.

29



Given a class of unordered tree languages, we define the logic FTL(L) whose
formulas over a ranked alphabet ¥ are the letters p,, for o € X, boolean com-
binations —p and ¢ V 9, where ¢ and 9 are already formulas, and the formulas
L(0 — ¢s)sen, where L C U is in £ and each ;s is a formula in FTL(L).

Given an unordered tree ¢t and a formula ¢ over ¥ in FTL(L), we define the
satisfaction relation ¢ |= ¢ in the same way as for ordered trees. In particular,
when ¢ = L(§ — 5), then t |= ¢ iff the characteristic tree t € Ua determined
by t and (ps)sea is in L. The characteristic tree is defined in the same way
as in the ordered case. Let ¢ be a formula over ¥ in FTL(L). The language
defined by ¢ is the set L, = {t € Us. : t = p}. We let FTL(L) denote the class
of all unordered tree languages definable by the formulas in FTL(L).

Proposition 2.3.1 Suppose that L is a class of unordered tree languages. Then
h Y (FTL(L)) = FTL(h (L)), so that FTL(L) = h(FTL(h '(L))).

Proof. Let ¢ be a formula over ¥ in FTL(£). We argue by induction on the
structure of ¢ to define a formula h=1(p) in FTL(A"!(L)) that defines the
language h5'(L,). When ¢ = p, with o € 5, let h~(p) = p,. Suppose now
that ¢ = @1 Vo or ¢ = ;. In the first case, let A~ (p) = b~ (1) VA (g2),
and in the second, let h=1(p) = =h~!(y;). Last, suppose that ¢ = L(§ —
¢s)sea. Then we define h='(p) = hx*(L)(6 = h™(ps))sca. The fact that
Ly-1(p) = hy !(Ly) follows by noting that, by the induction hypothesis, for each
vertex v of a tree t € Tx labeled in 3,,, n > 0, and for each § € A,,, t, = h (yps)
iff hx(t,) = ps. Thus, if s denotes the characteristic tree determined by ¢ and
the family (h~1(ps))sca, then ha(s) is the characteristic tree determined by
hs(t) and (ps)sca. We have s € h=1(L) iff h(s) € L, so that t = h~1(p) iff
hs(t) | ¢. This proves that h~!(FTL(L)) C FTL(h~(£)). Note that h=1(¢)
is obtained by replacing each language L in a subformula L(d — ¢s)sea of ¢
by hx'(L). It is clear that every formula in FTL(h='(L)) arises in this way:
Given a formula ¢ € FTL(h~1(L)), let h(p) be the formula obtained from ¢
by replacing each language hgl(L) occurring in a subformula of ¢ by L, then
o = h=Y(h(y)). It follows now that FTL(h~1(L)) C h=1(FTL(L)). ]

2.4 Closure Properties

The simple observations of the preceding sections allow us to derive the closure
properties of our logics on unordered trees from the corresponding closure prop-
erties of ordered trees. Let R be a fixed rank type with 0 € R. In this section,
all ranked alphabets will be of rank type R.

Theorem 2.4.1 The operator FTL is a closure operator on unordered tree
language classes.
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Proof. We only prove that for all classes £ of unordered tree languages, it
holds that FTL(FTL(L)) = FTL(L). Using Proposition 2.3.1, this equal-
ity holds iff A~} (FTL(FTL(L))) = h~1(FTL(L)) iff FTL(FTL(h=1(L))) =
FTL(h'(L)). But the last condition holds by Theorem 5.3 in Chapter 1.

O

Theorem 2.4.2 For each class £ of unordered tree languages, FTL(L) is closed
with respect to the boolean operations and inverse literal homomorphisms.

Proof. From Propositions 2.3.1, 2.2.5, Corollary 2.2.7, and Theorem 5.1 in
Chapter 1. O

Suppose that £ is a class of unordered tree languages and L C Ua. We say
that the modal operator associated with L is expressible in FTL(L) if for any
family of formulas (¢s)sea in FTL(L) over some ranked alphabet ¥ there exists
an FTL(L)-formula equivalent to L(d — ©5)sea-

Theorem 2.4.3 Suppose that L is a class of unordered tree languages. Then
the following conditions are equivalent.

1. FEach quotient of any language in L is in FTL(L).
2. FTL(L) is closed with respect to quotients.

3. For each L € L, L C Us, and for each t € Ux(X1) with ezractly one
occurrence of 1, the modal operator associated with t 1L is expressible in
FTL(L).

4. Each quotient of any language in h=*(L) is in FTL(h™1(L)).
5. FTL(h=1(L)) is closed with respect to quotients.

6. For each L € h=Y(L), L C Tk, and for each t € Tx(X;) with ezactly one
occurrence of 1, the modal operator associated with t 'L is expressible in
FTL(h~1(L)).

Proof. By Proposition 2.3.1 and Corollary 2.2.10, the first condition is equiva-
lent to the fourth and the second condition is equivalent to the fifth condition.
Moreover, by the proof of Proposition 2.3.1, the third condition is equivalent to
the sixth. Finally, the last three conditions are equivalent by Theorem 5.4 in
Chapter 1. |

Below we will say that quotients are expressible in FTL(L) if for each L € L,
L C Uy, and for each t € Us(X;) with exactly one occurrence of 1, the modal
operator associated with ¢t=1L is expressible in FTL(L).
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2.5 Regular Languages

Suppose that R is a fixed rank type containing 0. We will consider ranked
alphabets of rank type R.

We say that an unordered tree language L C Uy is recognizable by a commu-
tative X-tree automaton A if k=1 (k(L)) = L holds for the unique homomorphism
k: Ug — A

Proposition 2.5.1 A language L C Us, is recognizable by A iff h5,' (L) is rec-
ognizable by A.

It follows that for each L C Uy and commutative Y-tree automaton A, L is

recognziable by A iff A is a quotient of Ah; (L) the minimal tree automaton of
hy'(L). We call Ay=1 ;) the minimal tree automaton of L.

Corollary 2.5.2 A language L C Usx is recognizable by a finite commutative
tree automaton iff its minimal tree automaton is finite.

We call such unordered tree languages regular, or recognizable.
Corollary 2.5.3 A language L C Us; is regular iff hs' (L) is regular.

Corollary 2.5.4 The class of regular unordered tree languages is closed under
the boolean operations, quotients, and inverse literal homomorphisms.

Proof. We know that the class of regular ordered tree languages is closed under
these operations. The rest follows from Proposition 2.2.5, Corollary 2.2.7 and
Corollary 2.2.11. O

Corollary 2.5.5 The lattice of all classes of permutation closed ordered regular
tree languages is isomorphic to the lattice of all classes of unordered reqular tree
languages, an isomorphism being the map L — h(L), for all classes L of per-
mutation closed ordered regular tree languages. The inverse of this isomorphism
maps a class £ of unordered regular tree languages to h=1(L).

Proof. From Corollary 2.5.3 and Proposition 2.2.4. |

2.6 Varieties

In this section, we again fix a rank type R and assume that all ranked alphabets
are of rank type R. Moreover, we assume that 0 € R.
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By the Variety Theorem of Chapter 1, there is an order isomorphism be-
tween varieties of finite tree automata and literal varieties of (regular) ordered
tree languages. It is easy to see that the variety Com of finite tree automata
corresponds to the literal variety Com consisting of all regular tree languages
closed under permutations. Thus, under this correspondence, varieties included
in Com are mapped to literal varieties included in Com, i.e., to literal vari-
eties of permutation closed tree languages. Below we will call a variety included
in Com a wvariety of finite commutative tree automata, and a literal variety
included in Com a commutative literal (ordered) tree language variety.

We also define literal varieties of unordered tree languages. We say that
class £ of regular unordered tree languages is a literal variety of unordered tree
languages if it is nonempty, closed under the boolean operations, inverse literal
homomorphisms, and quotients. In this section, our aim is to establish a Variety
Theorem that relates literal varieties of unordered tree languages to varieties of
finite commutative tree automata.

Proposition 2.6.1 A class L of unordered reqular languages is a literal variety
iff h=1(L) is a (commutative) literal variety. Moreover, the lattice of all com-
mutative literal varieties of ordered tree languages is isomorphic to the lattice of
all literal varieties of unordered tree languages, an isomorphism being the map
L~ h(L), for all commutative literal varieties L of ordered tree languages. The
inverse of this isomorphism maps a literal variety £ of unordered tree languages

to h=1(L).

Proof. This follows from Corollary 2.5.5, Proposition 2.2.5, Corollary 2.2.7 and
Corollary 2.2.11. O

Theorem 2.6.2 For each variety V of finite commutative tree automata, let
V. denote the class of all unordered tree languages recognizable by the members
of V (or equivalently, whose minimal automata are in V). Then the assignment
V = V, defines an order isomorphism between varieties of finite commutative
tree automata and literal varieties of unordered tree languages.

Proof. For every commutative variety V of finite tree automata, let V denote
the commutative literal variety of ordered tree languages corresponding to V.
By Theorem 9.10 in Chapter 1, the assignment V +— V is an order isomorphism
from the lattice of varieties of finite commutative tree automata onto the lattice
of commutative literal varieties of tree languages. To complete the proof, note
that by Proposition 2.6.1, the lattice of commutative literal varieties of ordered
tree languages is isomorphic to the lattice of literal varieties of unordered tree
languages, and that an isomorphism is given by the mapping V — h(V), for all
commutative literal varieties V of ordered tree languages. The composite of the
two isomorphisms is the required isomorphism. m|

Below we will write £y, for the literal variety V, corresponding to V.
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2.7 Commutative Cascade Product

In this section, let R denote a fixed rank type which may or may not contain 0.
In this section we will consider both algebras and tree automata (of rank type
R). Whenever we mention tree automata, we assume implicitely that 0 € R.

The variety Com of finite commutative tree automata is not closed under the
cascade product. However, it is closed under the commutative cascade product
defined below.

Suppose that A is a ¥-algebra and B is a A-algebra, where ¥ and A are
of rank type R. Moreover, suppose that for each n € R, «a, is a mapping
nA x ¥, — A,, where nA denotes the set of all multisets {{ai,...,a,}} of
elements of A. Then the commutative cascade product C = A x, B determined
by the family a = (a,)ner is the following X-algebra. The carrier of C is the
set C = A x B. Moreover, for each o € ¥,,, n > 0, and for each (a;,b;) € C,
i € [n],

UC((a17b1)7"'7(an7bn)) = (UA(alr"7an)75]53(b17"'7bn))7

where 6 = a,({a1,-..,an}},0). Note that each commutative cascade product
may be ragarded as a cascade product. Conversely, a cascade product A x, B
of a Y-algebra A and a A-algebra B such that for each n € R the function
an(ai,...,an,0) depends only on ¥ and the multiset {{aq,...,a,}} may be
regarded as a commutative cascade product of A and B. The commutative
cascade product can be generalized to several factors. When A; is a X;-algebra
for each i € [n], n > 1, and for each j € [n — 1], a; is a family of functions

m(Ar X ... X A4) X B)m = Ejix1)m, MER,

then the commutative cascade product of the A; determined by the functions
o is denoted Ay X4, ... Xq,_, Ay. Any such commutative cascade product may
also be specified by functions (41 x ... x 4;)™ X (£1)m = (Zj+1)m, m € R,
subject to certain conditions.

When 0 € R, a commutative (ta-)cascade product of tree automata A and
B is the least subalgebra of a commutative cascade product of A and B, and
similarly for commutative ta-cascade products A; X, ... X4, _, Ay, where each
A; is a tree automaton.

Proposition 2.7.1 Any commutative cascade product of commutative algebras
1s commutative.

Proof. Suppose that C = A x4, B is a commutative cascade product of the
commutative X-algebra A and the commutative A-algebra B. Then for all
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(ai,b;) € C, i € [n], and for all permutations 7 : [n] — [n],

UC((ah b1)7 EE) (an7 bn)) = (UA(a17 EE) an)7 6B(b17 ] bn))
= (UA(aﬁ(l)a s 5a7r(n))a 5]B(b7r(1)7 ) bw(n)))
= oc((an(1)sbx(1))s - - - @n(n); br(n)));

where § = an({{a1,..-,an}},0) = an({{ax1), -+ Ax(n) }}, 0)- m|

Thus, any commutative ta-cascade product of commutative tree automata is
a commutative tree automaton. We call a nonempty class of finite commutative
algebras a commutative closed variety if it is closed under the commutative
cascade product, renaming, subalgebras and quotients. (Note that any renaming
of a commutative algebra is commutative.) Similarly, a nonempty class of finite
tree automata is a commutative closed variety of finite tree automata if it is
closed under the commutative cascade product, renaming and quotients. Note
that any commutative closed variety of finite algebras or finite tree automata is
closed under the direct product and is thus a variety. By the above Proposition,
Com is a commutative closed variety of finite tree automata, and in fact the
largest one. Similarly, the class of all finite commutative algebras is the largest
closed variety of finite algebras.

Remark 2.7.2 Note that a commutative closed variety of finite algebras or
finite tree automata may not be a closed variety as defined in Chapter 1, since
it may not necessarily closed under the cascade product.

Remark 2.7.3 Suppose that K is a class of finite commutative algebras. Then
the least commutative closed variety of finite algebras containing K is the class of
all quotients of subalgebras of commutative cascade products A; X4, ... X4, Ay
of algebras in K. A similar fact is true for commutative closed varieties of finite
tree automata.

We want to show that any commutative closed variety of finite algebras is the
intersection of a closed variety with the class of all finite commutative algebras,
and similarly for finite tree automata. In our argument, we will make use of
Propositions 2.7.4 and 2.7.5.

Proposition 2.7.4 Suppose that A,B are X-algebras such that B is commuta-
tive. Suppose that for each n, A™ is equipped with a linear order. Define the X-
algebra A’ on the set A as follows: For each o € ¥, and a1,...,a, € A, n >0,
on(ai,...,an) = oalarr),---,0x(n)), where w is that permutation [n] — [n]
for which (az(1),---,ax(n)) s the least in the linear order among the vectors
(b1,-..,bn) € A™ with {b1,...,bn}} = {a1,...,an}}. If B is a quotient of a
subalgebra of A then it is also a quotient of a subalgebra of A'.

Proof. Suppose that C is a subalgebra of A and f is a homomorphism C — B.
Then the carrier C' of C determines a subalgebra C' of A’. Moreover, f is a
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homomorphism C — B. Indeed, suppose that ¢ € ¥, and ay,...,a, € C,
n > 0. Let 7 denote the permutation [n] — [n] described above. Then we have

U@(al,...,an) = Uc(aﬂ(l),...,aw(n)) e C,
and
f(UC’ (a17 ) an)) = f(UC(an(l)J L) aﬂ'(n)))
= J]B(f(aﬂ(l))a ey f(aw(n)))
= U]E(f(al),---,f(an)),
where the last line follows from the commutativity of B. m|

Proposition 2.7.5 Suppose that A; is a ¥;-algebra for i € [n], and consider
a cascade product A = Ay X4, X ... Xq,_, Ay, If a commutative X1 -algebra B
is a homomorphic image of a subalgebra of A, then there exists a commutative
cascade product A" = Ay X1 X ... Xa! _, Ay such that B is a homomorphic image

of a subalgebra of A .

Proof. Let us equip each A; with a linear order <; and let us order each A; X
... x Aj, j € [n] lexicographically by (a1,...,a;) < (b1,...,b;) iff (a1,...,a;) =
(b1,...,b;) or there exists some ¢ € [j] such that a1 = b1,...,a;—1 = b;—1 and

a; < b;. We define the commutative cascade product A’ = Ay Xop X oo Xgr A,
by specifying the functions agm, j € [n—1],m € R as functions
(Al X ... X AJ)m X (El)m — (Ej—f-l)m-
Given (@11,...,aj1)s-., (@1ms---,ajm) in Ay X ... x Aj and 0 € (X1),, define
i (@11, ,a51)5 05 (@ims - Qjm), 0) =
= ajm((alﬂ(l)a L) ajw(l)): HE) (alr(m)a ) aj‘ir(m))a 0'),
where the permutation 7 : [m] — [m] satisfies (a1.(1),-.-,5x1)) < ... <
(@1n(m)>--->@jn(m))- The fact that A’ also contains a subalgebra that can

be mapped homomorphically onto B follows from Proposition 2.7.4. To see
this, let us order each (A; x ... x A,)™, m € R by lexicographically ex-
tending the order on A; X ... x A,. Then, with respect to this order, for

each ((G,]_]_7 PN ;anl)y ceey (G,]_m,7 P ,anm)) in (A]_ X ... X An)m and o € (El)m,
UA((alla cee aanl)a ) (alm; O anm)) and op ((alla cee ;anl)a ) (alma cee ;anm))
are related exactly as in Proposition 2.7.4. The proof is completed by applying
Proposition 2.7.4. O

Theorem 2.7.6 Suppose that K is a class of commutative finite algebras. Then
the least commutative closed variety containing K is the class of all commutative
algebras in the least closed variety containing K.
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Proof. Let V denote the least commutative closed variety containing K, and
let W denote the least closed variety containing K. Since V. .C W and V
is included in the variety of all finite commutative algebras, V is included in
the intersection of W with the variety of all finite commutative algebras. To
prove the reverse inclusion, assume that A is commutative and belongs to W.
Then A is a quotient of a subalgebra of a cascade product of some algebras
A; in V, i € [n], n > 1. By the previous proposition, A is a quotient of a
subalgebra of a commutative cascade product of the A;. Since V is closed
under the commutative cascade product, it follows that A € V. O

Corollary 2.7.7 Suppose that 0 € R and K is a class of commutative finite
tree automata. Then the least commutative closed variety of finite tree automata
containing K is the class of all commutative tree automata in the least closed
variety of finite tree automata containing K.

Corollary 2.7.8 A class K of finite algebras is a commutative closed variety
iff there exists a closed variety W of finite algebras such that V is the class of
all commutative algebras in W. Similarly, when 0 € R, then a class K of finite
tree automata is a commutative closed variety iff there exists a closed variety
W of finite tree automata such that V.= W N Com.

2.8 Commutative Definite Languages

In this section we assume that R is a fixed rank type with 0 € R.

Let £ denote a class of unordered tree languages. We say that the next
modalities are expressible in FTL(L) if for each i € [max(R)] and formula ¢ €
FTL(L) over any ranked alphabet ¥, there exists a formula X—;¢ such that for
any tree t € Uy, t = X—;p iff t has exactly ¢ immediate subtrees satisfying (.
(Thus, the root of ¢ is labeled in X, for some n > i.)

Proposition 2.8.1 Suppose that L is a class of unordered tree languages. The
following conditions are equivalent.

1. The next modalities are expressible in FTL(L).

2. For each 1 < i < max(R) and formula ¢ € FTL(L) over any ranked
alphabet X, there exists a formula X;p such that for any tree t € Uy,
t = X<ip iff t has < i immediate subtrees satisfying .

3. For each 0 < i < max(R) — 1 and formula ¢ € FTL(L) over any ranked
alphabet ¥, there ewists a formula X<;p such that for any tree t € Uy,
t = X<ip iff t has < i immediate subtrees satisfying .
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Proof. Assume first that the next modalities are expressible in FTL(L). Then
the formula

Xeop = ~(Xz1pV...VXomax(r)®)

expresses that a tree has no immediate subtree satisfying ¢. And for every
1 < i < max(R), X<;p can be expressed as \/;;}) X—;p. This proves that the
first condition implies the second. The fact that the second condition implies
the third follows by noting that for each 0 < i < max(R) — 1 and ¢, X<;p is
equivalent to X«;+1¢p. Last, assume that the third condition holds. Then for
every 1 < i < max(R), X—;p can be expressed as X<;p A 7(X<;_1¢), for all
i < max(R), and "X<;_1¢, if i = max(R). O

Proposition 2.8.2 Suppose that L is a class of unordered tree languages such
that the next modalities are expressible in FTL(L). Then for eachn € R, n > 0,
and formulas @1,...,p, in FTL(L) over some ranked alphabet ¥ there exists
a formula X{p1,...,0n}} in FTL(L) over X, depending only on the multiset
He1,-. -, 0nl}, such that for all treest € Us;, t = X{p1,...,9n}} iff the root of
t is labeled in X, and its n immediate subtrees satisfy the formulas p1,...,@n
in some order.

Proof. That the root of a tree is labeled in ¥, is expressible by the formula
VaeEn ps = t,. Since the boolean connectives are available in the language, we
may as well assume that any two of the ¢; are either (syntactically) equal or
inconsistent: no tree satisfies both of them. So let us assume that the sequence
©Y1,-- -, Py contains my copies of Yy, ..., my copies of Y, where my, ..., my > 0,
m1 + ...+ m+k =n, and any two of the formulas 1); are inconsistent. Then
the property formulated in the Proposition can be expressed as

to A [\ Xem,tj. O
J€[k]

Call a language L C Us, k-definite, for some integer k > 0, if for all unordered
trees s,t in Us, such that the cut off of s at depth k agrees with the cut off of
t at depth k, it holds that s € L iff £ € L. Moreover, call L C Us, definite if it
is k-definite for some k£ > 0. Let UD denote the class of all definite unordered
tree languages (of rank type R), and for each k > 0, let UDy, denote the class
of all k-definite unordered tree languages. Thus, UD = Up>oUDy,.

For example, the following languages Lx_, C Upool, ¢ € [max(R)] are 2-
definite: A tree t € Ugoo1 belongs to Lx_; iff its root is labeled by in Bool,, for
some n > i and has exactly ¢ immediate successors labeled in the set {1,,: m €
R}. Let Lyux denote the collection of all these languages Lx_,.

Proposition 2.8.3 The following conditions are equivalent for a class L of
unordered tree languages.
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1. The next modalities are expressible in FTL(L).
2. Lux CFTL(L).
3. UD, C FTL(L).
4. UD C FTL(L).

Proof. The fourth condition clearly implies the third which in turn implies the
second. The second condition is equivalent to the first, since a tree satisfies a
formula X_;¢ iff it satisfies Lx_; (15)scBool, Where ¥s = ¢ if § € {Ty: m € R}
and s = - otherwise. Moreover, for any family (ps)sea, Lx_; (¥s)scBool 18
expressible as X—;, where ¢ = A\ _p(pt, = ©1,.)-

Thus, it remains to show that the first condition implies the fourth. So sup-
pose that the next modalities are expressible in FTL(L). We show by induction
on k that UDy C FTL(L). When k& = 0 this is clear, since for each ¥, UDq
contains two languages over ¥: () and Us. Suppose that & > 0. Then any
language in UDy, is a finite union of languages o{{L1,..., L, }} consisting of all
trees whose root is labeled o, for some o € X,,, n > 0, and whose immediate
subtrees are, in some order, in the (k — 1)-definite languages Li,...,L,. By
induction, each L; is definable by some ¢; in FTL(L). Thus, o(L1,...,Ly)
is definable by the formula p, A X{{¢1....¢on}}. The result now follows from
Proposition 2.8.2. O

Recall from Chapter 1 that D denotes the closed variety of all finite definite
tree automata, and for each k& > 0, Dy is the variety of all finite k-definite
tree automata. The corresponding literal varieties of ordered tree languages are
respectively D and Dy, k > 0. Recall that Com denotes the variety of finite
commutative tree automata and Com denotes the commutative literal variety
of all permutation closed tree languages. Let us denote CD = Com N D,
CD =ComND, and let CD, = ComNDy, CD, = ComNDy, for all k > 0. It is
clear that CD, and each CDy, is a variety of finite commutative tree automata,
and CD and CDy, are the corresponding commutative literal varieties of ordered
tree languages. The following fact is clear.

Proposition 2.8.4 h=1(UD) = CD and h=*(UDy) = CDy,, for all k > 0.

Corollary 2.8.5 UD is a literal variety of unordered tree languages, the literal
variety corresponding to D. Similarly, for each k > 0, UDy, is the literal variety
of unordered tree languages corresponding to CDy.

Corollary 2.8.6 For each class L of unordered tree languages, the next modali-
ties are expressible in FTL(L) iff the next modalities are expressible in FTL(h™1(L)).

Proof. By Proposition 2.8.3, the next modalities are expressible in FTL(L) iff
UD C FTL(L). By Proposition 2.8.4, this is further equivalent to the condition
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that D C FTL(h~(£)). Last, by Corollary 8.3 in Chapter 1, this holds iff the
next modalities are expressible in FTL(h=1(£)). O

As in Chapter 1, let Dy denote the two element Bool-algebra on the set {0,1}
with the operations

Tn (a1,...,an,)
In(a,...;a,) = 0, neR.

As an application of Corollary 2.7.7 we now show:

Proposition 2.8.7 CD is a commutative closed variety of finite tree automata
and is generated by Dy .

Proof. It was shown in [8] that D is the least closed variety of finite tree au-
tomata containing Dy. Since Dy is commutative, it follows from Corollary 2.7.7
that CD is the commutative closed variety of finite tree automata generated by

Do . O

2.9 Expressiveness

Our main results provide an algebraic charactrization of the expressive power
of the logics FTL(L), where £ is a class of regular unordered tree languages
satisfying certain natural conditions.

Theorem 2.9.1 Suppose that L is a class of regqular unordered tree languages
such that quotients and the next modalities are expressible in FTL(L). Then an
unordered tree language L C Us is in FTL(L) iff its minimal automaton Ar
belongs to the least commutative closed variety containing Dy and the minimal
automata of the languages in L.

Proof. We know from Proposition 2.3.1 that L € FTL(L) iff h,' (L) € FTL(h1(£)).
By Corollary 2.8.6, since the next modalities are expressible in FTL(L), they
are expressible in FTL(h~1(L£)). Moreover, since quotients are expressible in
FTL(L), they are expressible in FTL(h~!(£)). Thus, Corollary 9.6 in Chapter
1, L € FTL(L) iff Ahgl () elongs to the least closed variety of finite tree au-
tomata containing Dy and the minimal automata of the ordered tree languages
in hy'(£). Note that for each L, the minimal automaton Ay-1 () of hst (L)
is just the minimal automaton Ay of L. Moreover, the minimal automaton of
each L € L is commutative as is the automaton Dy. Thus, by Theorem 2.7.6,
the class of commutative tree automata in the least closed variety containing Dy
and the automata Ay, L € £ is just the least commutative closed variety of fi-
nite tree automata containing these tree automata. In conclusion, L € FTL(L)
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iff its minimal automaton Ay belongs to the least commutative closed variety
containing Dy and the minimal automata of the languages in L. O

Suppose that K is a class of finite commutative automata. Then we let Lz
denote the class of all unordered tree languages recognizable by the members of
K. We define FTL*(K) to be the logic FTL(L¥) and FTL*(K) = FTL(Lk).

Corollary 2.9.2 Suppose that K is a class of finite commutative tree automata
such that the next modalities are expressible in FTL"(K). Then an unordered
tree language L C Uy, is in FTLY(K) iff its minimal automaton Ar belongs to
the least commutative closed variety containing Dy and K.

Proof. Tt is clear that Lk is closed under quotients and thus, by Theorem 2.4.3,
quotients are expressible in FTL*(K). The rest follows from Theorem 2.9.1.
O

We call a class of regular unordered tree languages £ closed if £ is closed
under quotients and if FTL(L) C L.

Theorem 2.9.3 Let V a commutative closed variety of finite tree automata
containing CD. Then FTL*(V) = Lv. Moreover, the assignment V —
FTL*(V) defines an order isomorphism between commutative closed varieties
of finite tree automata containing CD and closed classes of unordered tree lan-
guages containing the CD.

Proof. Suppose that V is a commutative closed variety containing CD. By
Corollary 2.9.2 and Proposition 2.8.3, FTL*(V) is the class of all unordered
tree languages whose minimal automaton belongs to V, i.e., FTL"(V) = L.
It is clear that L3, contains CD. The rest follows from the Variety Theorem,
Theorem 2.6.2. O

2.10 Applications

In this section, we again assume that R is a rank type containing 0. The set of
languages Lyx was defined in Section 2.8. Recall the definitions of the languages
Lgr, Lgg, Ley from Chapter 1, and let L%F = hBool(LEF); L]%G = hBoo](LEG)7
Ly = hBool(Lgy). Since the languages Lgr, Lgg, Ly are all permutation
closed, the minimal automata for these languages are respectively the minimal
automata for L, Lo, Lty Recall from Chapter 1 that these automata are
denoted by Er, Eg, and Ey. Define

CTL“(X,EF) = FTL(Lux U{L%:})
CTL*(X,EG) = FTL(Lux U{L&:})
CTL*(X,EF,EG) = FTL(Lux U{L{p, L))

CTL® FTL(Lux U {Lgy})-
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From Corollary 2.9.2, we immediately obtain:

Theorem 2.10.1 1. ForY € {F,G}, a tree language belongs to CTL"(X,EY)
iff its minimal tree automaton is in the least commutative closed variety
of finite tree automata containing Dy and Ey .

2. A tree language belongs to CTLY (X, EF,EQG) iff its minimal tree automa-
ton is in the least commutative closed variety containing Dy, Er and Eg .

3. A tree language belongs to CTL" iff its minimal automaton belongs to the
commutative closed variety generated by Ey .

Recall from Example 4.4 in Chapter 1 the definition of the languages Lg ,
where d > 1 and 0 < r < d, and the definition of the corresponding minimal
automata My, d > 1. Note that each My is commutative. For each d, let

¢ = {hBoot(La,r) : 0 <r < d}, and let L2 4 = ;s LF- Define

mod —
CTL® + MOD(d) = FTL(Lux U {Li;}ULY)
CTLY + MOD = FTL(Lux U{L&y}ULE, ).

Using Corollary 2.9.2, we obtain:

Theorem 2.10.2 1. For every d > 1, a tree language belongs to CTL" +
MOD(d) iff its minimal tree automaton is in the commutative closed va-
riety generated by Ey and M.

2. A tree language belongs to CTL"Y + MOD iff its minimal tree automa-
ton is in the least commutative closed variety containing Ey and the tree
automata My, d > 1.

2.11 Idempotence

In this section, we consider yet another variant of temporal logics on trees. Call
an algebra A of rank type R idempotent if it is commutative and satisfies the
equations

a(xlr"axm;wl:'“;ml) = U($17...,$m,$2,...,$2),

forall 1 <m < n and o € %,,. In such algebras A, the result of an operation
only depends on the set of its arguments, i.e.,

o(ar,..ran) = olbr,...,by)

whenever {ay,...,a,} and {by,...,b,} are equal subsets of A and o € X,.
We call a tree automaton idempotent if it is an idempotent algebra. In our
next result, which provides a characterization of tree languages recognizable
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by idempotent tree automata, we make use of a congruence relation ~ on Us.
For any s,t € Us, we define s ~ tiff s =t € Zg or s = o{{s1,--.,5a}},
t =o{{t1,...,tn}}, where 0 € £,, and s;,t; € Uy, for all ¢ € [n], and for every
i € [n] there is a j € [n] with s; ~ t;, and vice versa. It is clear that ~ is the
least congruence relation on Uy such that the quotient algebra Iy, = Us/ ~
is idempotent. Thus, Iy is the initial idempotent algebra. Using this fact, we
immediately have:

Proposition 2.11.1 A tree language L C Uy, is recognizable by an idempotent
algebra iff it is saturated by ~, i.e., s ~ t and s € L implies that t € L.
Moreover, L is recognizable by a finite idempotent algebra iff it is regular and is
saturated by ~.

Idempotent tree automata form a variety of finite tree automata included in
the variety of finite commutative tree automata that we denote below by Idem.
The corresponding literal variety of unordered tree languages will be denoted
by Zdem: it consists of all regular tree languages that are saturated by ~. We
call Zdem the class of all idempotent regular unordered tree languages.

The variety Idem is not closed under the commutative cascade product, but
it is closed under the idempotent cascade product defined as follows. Suppose
that A is a ¥-algebra and B is a A-algebra, and consider a family of functions
an : A" x ¥, = A,, n € R, such that a,(ai,...,a,,0) only depends on o
and the set {a1,...,a,}. Then the cascade product of A x, B determined by
the family a = (an)ner is called an idempotent cascade product of A and B.
When A and B are tree automata, the idempotent ta-cascade product of A and
B determined by « is the least subalgebra of the ordinary cascade product. It
is easy to see that Idem is closed under the ta-cascade product. Below, we will
just write idempotent cascade product for the idempotent ta-cascade product.

Suppose that K is a class of finite idempotent algebras. Say that the idempo-
tent next modality is expressible in FTL*(K) if for each formula ¢ in FTL*(K)
over any ranked set ¥ there exists a formula EXp in FTL*(K) over ¥ such that
for any t € Us, t = EXp iff t has an immediate subtree satisfying ¢. It is not
difficult to see that this condition holds iff FTL“(K) contains all idempotent
definite tree languages, i.e., those commutative definite tree languages contained
in Zdem.

Using the methods of the previous sections, we can prove the following re-
sults.

Theorem 2.11.2 Suppose that K is a class of finite idempotent algebras such
that the idempotent next modality is expressible in FTLY(K). Then an idem-
potent tree language L C Us, is in FTLY(K) iff its minimal tree automaton
belongs to the least variety of finite idempotent algebras containing Dy and K,
closed under the idempotent cascade product.
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Theorem 2.11.3 Let V be a variety of finite tree automata containing the fi-
nite idempotent definite tree automata and contained in Idem, closed under the
idempotent cascade product. Then FTL"(V) = LY. Moreover, the assignment
V — FTLY(V) defines an order isomorphism between varieties of finite idem-
potent tree automata containing the finite idempotent definite tree automata
closed under the idempotent cascade product, and closed classes of unordered
tree languages contained in Zdem and containing the idempotent definite tree
languages.

Let CTL® denote the class of all idempotent tree languages definable by the
formulas of the logic FTL“({Ey }). As an application, we have:

Theorem 2.11.4 An unordered tree language belongs to CTL® iff its minimal
tree automaton is in the least variety of finite (idempotent) tree automata con-
taining By closed under the idempotent cascade product.
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Chapter 3

3.1 Introduction

In Chapter 1, we associated a temporal logic with each class of regular tree
languages and gave an algebraic characterization of the expressive power of
these logics under certain natural assumptions. Our characterization was based
on the notion of the cascade product of finite algebras. In order to turn the
obtained algebraic characterization into decision procedures, one has to develop
a structure theory of finite algebras with respect to the cascade product. In this
paper, we give an effective characterization of the expressive power of a simple
temporal logic involving only the next and eventually modalities. Our result is
based on the general results of Chapter 1 and on an analysis of the structure of
finite algebras in the variety generated by certain two-element algebras, closed
under the cascade product.

3.2 Preliminaries

Let R denote a rank type containing 0. We let R~ stand for the rank type
R — {0}. Similarly, if ¥ is a ranked alphabet of rank type R, then we let ¥~
denote the ranked alphabet of rank type R~ obtained from R by removing
all symbols of rank 0. When A is a finite X-algebra of rank type R, then
we let A~ denote the ¥ -algebra obtained from A by forgetting about the
constants. By extension, if K is a class of finite algebras of rank type R, then
K~ ={A™ : A € K} is a class of finite algebras of rank type R™.

Conversely, if K is a class of finite algebras of rank type R~, then KT denotes
the class of all finite tree automata of rank type R whose reducts obtained by
forgetting about the constants belong to K. We call a class K of finite tree
automata of rank type R strictly closed if there is a closed variety K of finite
algebras of rank type R~ such that K = K. Note that every strictly closed
class of finite tree automata is a closed variety of finite tree automata. Thus,
we will also call a strictly closed class of finite tree automata a strictly closed
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variety.

Remark 3.2.1 When K is strictly closed, there is a unique closed variety Ky
of finite algebras of type R~ with K = K¢ . In fact, Ko = K.

When ¥ is a ranked alphabet of rank type R and a is a letter not in X, then
we let X(a) denote the ranked alphabet obtained from ¥ by adding a to Xq.

Proposition 3.2.2 The following conditions are equivalent for a class K of
finite tree automata of rank type R.

1. K is a strictly closed variety.

2. K™ is a closed variety of finite algebras of rank type R~ and K is closed
under adding constants, i.e., whenever A is a X-tree automaton in K and ¢
is in A, then the X(¢)-tree automaton A(c) obtained from A by interpreting
the (fresh) symbol € as ¢ belongs to K.

3. K is a closed variety of finite tree automata which is additionally closed
under adding constants.

4. There is a class Kq of finite tree automata such that for each X-tree au-
tomaton A in K and for any c € A there is a letter € in Xo whose interpre-
tation is ¢, and such that K is the least closed variety of finite automata
containing K.

Proof. The first two conditions are clearly equivalent. Assume now that K is a
strictly closed variety of finite algebras of rank type R. We have already noted
that K is a closed variety of finite tree automata. If A € K and ¢ € A, then
A(c) € K since A(c)™ = A~ € K~. Thus, the first condition implies the third.
The fact that the third condition implies the fourth follows by letting K consist
of those tree automata A in K such that each ¢ € A is the interpretation of at
least one constant symbol. Finally, to see that the fourth condition implies the
first, one can show that if K; denotes the closed variety of finite algebras of
rank type R~ generated by K, then K = K{ . |

The results of the paper can be best presented with the help of partial
algebras. Suppose that ¥ is a ranked alphabet of rank type R~. A partial X-
algebra A consists of a nonempty set A and a partial operation for each symbol in
¥, i.e., a partial function g : A™ — A for each o € %,,, n > 0. Note that every
Y -algebra is a partial algebra. The notions of homomorphism, subalgebras etc.
can be extended to partial algebras in several different ways, cf., e.g., Gritzer
[13]. Here we use these concepts as described below.

Suppose that A = (A4, (6a)sex) and B = (B, (0B),cx) are partial X-algebras,
where Y. is of rank type R~. We say that A is a partial subalgebra of B if A C B
and for all 0 € ¥,, n > 0, and a4,...,a, € A, if oa(as,...,a,) is defined
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then so is og(as,...,a,) and oa(a1,...,a,) = op(ai,...,a,). When A is a
partial subalgebra of B and A = B, we also say that B is an extension of A.
Moreover, we say that A is an induced partial subalgebra of B if A is a partial
subalgebra of B and for each 0 € ¥,, n > 0 and a1,...,a, € A, oa(a1,...,ay,)
is defined iff og(a,...,a,) is defined. Thus, when X is a nonempty subset
of B, then X induces a partial subalgebra of B whose carrier is X and whose
operations are the restrictions of the operations of B onto X. Note that an
induced partial subalgebra of B is not necessarily closed under all operations
of B. A homomorphism A — B is a function h : A — B such that for all
o € X,, n >0 and for all ay,...,a, € A, if o(as,...,a,) is defined then
o(h(ar),...,h(ay)) is defined, and h(o(ay,...,a,)) = o(h(ar),...,h(a,)). We
say that an equivalence relation ~ on A is a congruence of A if for all o € X,
n >0, ai,...,an,a1,...,a, € A if a; ~ a}, for all ¢ € [n], and o(ay,...,an)
and o(al,....al) are both defined, then o(a1,...,a,) ~ o(al,....a,). If ~
is a congruence of A, the factor algebra A/ ~ is the partial algebra on the
quotient set A/~ such that for all o € ¥,,, n > 0, and for all congruence classes
Cy,...,Cy,C, it holds that o(Cy,...,Cy) = C iff o(c1,--.,¢,) € C holds in
A for some ¢; € C;, i € [n]. Note that the quotient map A — A/ ~ is a
homomorphism A — A/ ~.

Suppose that A is a partial ¥-algebra, where ¥ is of rank type R~. Let
a,b € A. We say that b is accessible from a if there is a tree t € Tx(X,41),
for some n > 0, such that b = t(a,c1,...,c,) for some ¢1,...,¢, € A. A
transitivity class of A is any maximal subset X of A with the property that for
any a,b € X, b is accessible from a. It is clear that each a € A is contained
in a unique transitivity class. The transitivity classes are partially ordered as
follows. Suppose that X and Y are transitivity classes. Then X <Y iff there
exist a € X and b € Y such that b is accessible from a iff for all a € X and
b €Y, bis accessible from a. Note that if Xj,...,X,,X are transitivity classes,
a € Xi,...,a, € X, and o(ay,...,a,) € X, for some o € X, then X; < X
holds for all i € [n]. In particular, any maximal transitivity class is closed with
respect to all operations. Moreover, for any transitivity class X, the union of
all transitivity classes > X is closed with respect to all operations.

Lemma 3.2.3 Suppose that A is a partial algebra of rank type R~ and p is a
congruence relation of A. Suppose that whenever apb holds for some a,b € A,
then a and b are in the same transitivity class. Then the transitivity classes of
A/p are the sets X/p, where X is a transitivity class of A.

3.3 A Closed Variety of Finite Algebras

In Chapter 1, we defined the algebra (tree automaton) Er (R) for each rank
type R containing 0. By forgetting about the constants, we obtain the algebra
Er(R™). Below, when the context permits, we will just write Er for both
Er(R) and Ep (R7).
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Let W, denote the class of finite partial Y-algebras A, for all ranked al-
phabets ¥ of rank type R~, with the following property: There exists an
integer k > 0 such that for every ¢t € Tx(Xpm4n), m,n > 0, such that the
depth of each vertex labeled z; with i € [m] is at least k, and for all tran-
sitivity classes X and a;,b; € X, i € [m], and ¢; € A, j € [n], if both
t(a,.. yam,C1,...,¢,) and t(b1,..., by, c1,...,¢,) exist and are in X, then
t(a1,...,am,C1,...,¢p) = t(by,...,by,c1,...,¢,). When A € W, the least
such integer k will be called the index of A. We let W denote the subclass of
all (complete) algebras in W,

Proposition 3.3.1 W is a closed variety containing the finite definite algebras
of rank type R~ and the algebra Ex (R™).

Proof. It is clear that W contains Er and all finite definite algebras. Since W
contains all trivial algebras and is clearly closed under subalgebras, it suffices
to show that W is closed under the cascade product and homomorphic images.
So suppose that h : A — B is a surjective homomorphism, where A is in W.
Suppose that t € T5(X,,4r), Y is a transitivity class of B and a},b; € Y, i € [m],
c¢; € B, j € [n], such that t(ay,...,ap,,,c,...,c;) and ¢(by,..., by, ¢, 005 07)

are in Y and t(al,...,al,,,cl,...,c,) # t(b,..., b ,cl,...,c,). Then let X
denote a transitivity class of A such that h(X) intersects Y which is maximal
with this property with respect to the ordering of transitivity classes of A.
Then h(X) =Y. Let a;,b; € X and ¢; € A, i € [m], j € [n] with h(a;) = a},
h(b;) = b; and h(c;) = c}, for all i € [m] and j € [n]. Using the maximality of
X, we have that t(a1,...,am,c1,...,¢cn) and ¢(b1,...,bm,c1,...,¢p,) are in X,
moreover, since

o~

h(t(ai,---,am,c1,---,¢1)) = 1
£ ty,..., b, ,ch, .. ch)
= h(ti,...,bm,C1,---,¢n)),

! ! ! !
Alyeeny Oy Clye ey Cr)
!

we have t(a1,...,am,c1,...,¢n) # t(b1,...,bm,c1,...,¢n). This shows that
if k denotes the index of A, then for every ¢ € T%(X,;+n) such that the
depth of each vertex labeled z; with i € [m] is at least k, and for all tran-
sitivity classes Y of B and al,b € Y, ¢, € B, i € [m], j € [n], either at

i Vi 7
least one of t(ai,...,a,,c,...,c,) and ¢(b},..., b, ¢c},...,c)) isnot in ¥ or
! ! ! / — /! ! / !
t(al,...,ah,, ¢y ) =t(by,..., b, ch,...,ch). Thus, Be W.

To show that W is closed under the cascade product, suppose that A is
a finite ¥-algebra in W, B is a finite A-algebra in W, and consider a cas-
cade product C = A x, B. Let k denote the sum of the indices of A and
B. Suppose that ¢t € Tx(X;4+n) such that the depth of each vertex labeled
x; with ¢ € [m] is at least k and Z is a transitivity class of C. We can de-
compose t as 7(81,---,8¢, Tmil,---,Tmin), for some trees r € Tx(X,y,) and
sj € Tx(Xyyn), j € [£], such that whenever a vertex in some s; is labeled z;
with i € [m] then the depth of that vertex is greater than or equal to the index
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of A, and the depth of each vertex of r labeled x; with j € [¢] is greater than
or equal to the index of B. It is easy to see using Proposition 7.1 in Chapter
1 that there exist a transitivity class X of A and a transitivity class ¥ of B
with Z C X x Y. Let (a;,a;),(bi,b;) € Z and (cj,c;) € C, for all i € [m]

and j € [n]. Assume that tc((a1,a}),..-,(@m,al,),(c1,¢)),.-.,(cn,cl,)) and
tc((b1, b)), .-, (b, b)), (c1,¢h), ..., (e, cy)) are in Z. We want to show that
these two elements are equal. Since for all j € [€], (sj)a(a1,...,am,c1,...,Cp)
and (s;)a(b1,---,bm,C1,-..,¢n) arein X, we have (s;)a(a1,- .-, am,,C1,.-.,¢Cp) =

(sj)albi,...,bm,,c1,...,¢p) = dj, j € [f]. For each j € [{], let us define

a _ . b _ ,
Sj = a(al,...,am,cl,...,cn)(SJ) and sj - a(bl,...,bm,cl,...,cn)(S])' Moreover, define

ej = s3(ay, ..., ap,,c ;... c,) and f; = s;’-(b’l,...,b’m,c’l,...,c'n)7 j € [£], and
T = Q(dy,....dm,c1,...,cn) (7). By Proposition 7.1 in Chapter 1,
tC((ala 70’,1)7 AR (aﬂ’ha{m)a (clacll)a ey (cnacln)) =
= (ra(di,...,dg,c1,---,¢n),TB(€1,---,€0,C1,---,Cn))

tC((blabll)a LN (bmablm)(clacll)a [EEE (cn:cln)) =
= (TA(dl,. ..,dg,cl,.. .,Cn),FB(fl,. ..,fg,cl, ,Cn)).

However, e;,f; € Y, for all j € [{], and both Tg(ei,...,esc1,...,¢,) and
™(f1,.--, fe;c1,...,¢,) are in Y. But since B is in W and the index of B
is less than or equal to the depth of any vertex of " labeled z;, for all j € [£],
we have that

rB(€1,---,€p,C15---y¢n) = TB(f1,---, fe,C15---5Cn)-
This proves that the elements tc((a1,a}),. .., (am,al,), (c1,¢1),. .., (cn, c),)) and
tc((bi, b)), ---, (bm,b1,), (c1,¢1),-- -, (cn,cl,)) are equal. We have thus proved
that C is in W with index less than or equal to k. |

Proposition 3.3.2 Suppose that A is in W,. Then each nontrivial transitivity
class X of A contains two different elements a,b such that for any o € ¥, and
¢i, ¢; € A such that ¢; = ¢ or {¢;, ¢} = {a, b}, for alli € [n], ifc=0(c1,-..,¢cn)
and ¢ =o(dy,...,c),) are defined and belong to X, then c =c'.

Proof. Suppose that X is a nontrivial transitivity class. There exists an integer
k with the property that for all ¢t € Tx.(X,4r) with m,n > 0 such that each leaf
of t labeled z; with i € [m] is of depth > % and for any af, ..., al,,b},..., b, € X
and dy,...,d, € A, if t(a},...,al,,,c1,...,¢,) and t(b},...,bl,,,¢c1,...,Cn)

are both defined and belong to X, then the elements t(a},...,a,,,c1,...,¢n)
and t(b,...,bl,,c1,...,cn) are equal. Now let ky denote the least such in-

teger. Since X has at least two elements, kg > 0. Moreover, there exists
some tog € Ts(Xmotng), A1r---s 8y, 01,5---5 b, € X and dy,...,dy, € A

) "'mo?
such that every leaf of ¢y labeled in {z1,...,Zm,} is of depth > ky — 1 and

a = to(al,...,a}, ,c1,.--,Cno) and b = to(b,...,b}, ,cC1,--.,Cp,) are different
elements of X . It is now clear that a and b satisfy the condition in the statement

of the Proposition. m]
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Proposition 3.3.3 A finite partial algebra of rank type R~ belongs to W, iff
it has an extension to an algebra in W. Moreover, any partial algebra A in W,
has an extension A' in W such that the transitivity classes of A are the same
as those of A'.

Proof. The sufficiency part is obvious. Suppose that A is in W,. We prove
that A has an extension to an algebra A’ in W having the same transitivity
classes. Let #(A) denote the number of tuples (o,a1,...,a,) with o € ¥,
m > 0, aj,...,a, € A such that o(ay,...,a,) is undefined. We argue by
induction on #(A). When this number is 0, our claim is trivial. Suppose that
#(A) > 0. Let us extend the partial order on the transitivity classes to a
linear order, and let Xp,,x denote the greatest transitivity class with respect
to this linear order. If there exist some ¢ € ¥,,, m > 0 and ay,...,a,;, €
A — Xinax such that o(aq,...,an) is not defined in A, then make it defined
by any element of Xpax. The resulting partial algebra is also in W, which by
induction has an extension to an algebra in W with the same transitivity classes,
and thus by the same transitivity classes that A has. Thus, we may suppose
that whenever o(ai,...,an) is undefined in A, then at least one of the a; is in
Xmax- Now if X,« is a singleton, it is clear how to extend A to an algebra
in W: Whenever o(ay,--.,a,) is undefined, make it defined by the unique
element of Xp,,x. So in the rest of the proof we assume that X, has at least 2
elements. By Proposition 3.3.2, there exist different elements ¢, ¢’ € Xy,ax such
that the relation that collapses ¢ and ¢’ and keeps all other elements intact is a
congruence relation of A. Let us denote this congruence relation by p. Moreover,
for all o € X,;,, m > 0 and congruence classes C1,...,Cn, if 0(C1,...,Cn) =
{¢,c'} in the quotient partial algebra A/p, then either o(C4,...,Cr) = {c} or
o(C1,...,Cp) = {c'} holds in A. Now A/p is also in W,, and, by the induction
hypothesis, has an extension to an algebra B in W with the same transitivity
classes. We use B to construct a suitable extension A’ of A. Let o € X,
m>0,a1,...,am € A. fin B, C = a(p(a1),.-.,p(an)) is not the congruence
class {c,c'}, then in A’ we define o(ay,...,a,) as the unique element of C.
If C = {c, '}, then we know that in A, either o(p(ai),...,p(am)) C {c} or
o(p(ar),...,plam)) = {c'}. In the first case, define o(ay,...,an) = ¢, and in
the second, define o(aq,...,a,) = ¢'. Note that p is also a congruence relation
of A'.

It is clear that A’ is an extension of A. Moreover, it is easy to see using
Lemma, 3.2.3 that the transitivity classes of A’ are those of A. We know that B is
in W. Let k denote the index of B. We show that A’ has index < k+1. To prove
this, suppose that ¢ € Ts(X,45) is such that the depth of each vertex labeled in
the set {z1,...,Zm}is at least k+1. Writet = o(¢1,...,ts), where o € Ty, £ > 0.
Let ai,al, ..., am,an, be in the same transitivity class Y, and let by,...,b, € A.
Assume that in A’ both t(ay, ..., am, b1,...,b,) and t(a},...,al b1, ...,b,) are

=y W

in Y. Define d; = t;i(a1,.--,am,b1,..-,b,) and d; = ¢;(al,...,al,,b1,...,b,),

for all ¢ € [f]. If for some %, none of the variables in {x1,...,zn} occurs in
t;, then clearly d; = d}. If some of these variables does occur, then the tran-
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sitivity class of d; and of d} is Y, since it must be both below and above ¥
in the partial order of the transitivity classes. Since B is in W and has index
k, it follows now that p(d;) = p(d;), for all i € [(]. Now by construction,
plta(ar, ... am,b1,...,bn)) = oB(p(dr),- .., p(de)) = ow(p(dy),...,p(dy)) =
p(ta (af,...,ah,,b1,...,b,)). Let C denote this equivalence class. If C' # {¢,c'},

then both tu (a1,...,am,b1,...,b,) and ty (af,...,al ,b1,...,b,) are equal to

* m?’
the unique element of C. If C' = {¢,c'}, so that Y = Xy, then, by con-
struction, either ta (a1,...,am,b1,...,bp) = ¢ = tar(ay,...,al,,b1,...,by) or
ta(ai,...,am,b1,...,bp) =c =ty (d},...,a,,b1,...,b,) holds in A'. O

Theorem 3.3.4 W is the least closed variety of finite algebras of rank type R~
containing the definite algebras and the algebra Er (R™).

Proof. Let W' denote the least closed variety of finite algebras of rank type R~
containing the definite algebras and the algebra Ep (R™). By Proposition 3.3.1,
we have that W/ C W. Suppose now that A is in W. We use induction on the
number of elements of A to show that A belongs to W'. The induction base
when A has a single element is obvious. So suppose that A has at least two
elements.

We know that the transitivity classes of A are partially ordered. Let us
extend this partial order arbitrarily to a linear order and let X,2x denote the
greatest transitivity class of A with respect to this linear order.

Assume first that X, has a single element, denoted amax.- Then let B
denote the induced partial subalgebra of A determined by the set B = A —
{@max}- Clearly, B € W,. We know that B has an extension to an algebra B’ in
'W. Moreover, by the induction hypothesis, B' is in W’. To prove that A € W',
we show that A is a homomorphic image of a cascade product C = B' x, Ep.
To this end, for each n € R~ define oy, : B™ x £, = {1y, {n} as follows:

T if oalQy,--.,Q = a
an(aly...;anyU) = {J,: Other(wis,e_ ’ n) max

It is clear that the function (a,0) — a, (a,1) = amax, a € B, is a surjective
homomorphism C — A.

The second case is that Ana.x has two ore more elements. Then let X = X ax
in Proposition 3.3.2. There exist different elements a,b € Xnax such that all
conditions of Proposition 3.3.2 hold. In particular, the equivalence relation
p that collapses a,b and keeps the other elements separated is a congruence
p. Moreover, for all o € X, and elements a;,b; € A with a;pb;, i € [n],
o(ai,...,an) = o(br,...,b,). The quotient A/p is in W. Thus, by the in-
duction hypothesis, it is in W'. Let Iy denote the 1-definite algebra on the
set {0,1} with operations 1, (di,...,d,) =1 and |, (di,...,d,) = 0, for all
n € R~ and dy,...,d, € {0,1}. Then define the cascade product A/p x, Dy by

{ tn if o(ar,...,an) =a

dn otherwise, né€R.

an(p(al)a ey p(an)a J)

o1



Then the set {({c},0) : ¢ & {a,b}} U{({a,b},0),({a,b},1)} determines a subal-
gebra isomorphic to A. Thus, A € W', O

3.4 An Effective Characterization of CTL(X, EF)

The temporal logic CTL(X, EF) was defined in Chapter 1. In this section, we
combine results from Chapter 1 and the previous sections to derive an effective
characterization of CTL(X, EF).

Theorem 3.4.1 Suppose that X is a ranked alphabet of rank type R. A language
L C Tx is in FTL(X,EF) iff the minimal automaton of L is in W iff L can
be accepted by a tree automaton in W+,

Proof. From Theorem 10.1 in Chapter 1 and Theorem 3.3.4. |

Theorem 3.4.2 There exists an algorithm to decide whether or not a regular
tree language (given by a tree automaton with a specified set of final states) is
in FTL(X, EF).

Proof. By Theorem 3.4.1, all we have to show is that if A is in W and has index
k, then k is less than |A|?, But this follows by noting that given any tree t €
T5(Xman), transitivity class C, a1,...,am,b1,...,byn € C and ¢1,...,c, € A,
if the depth of a leaf labeled z; is greater than or equal to |4|?, then there exist
different vertices v; and vy along this path such that the subtrees rooted at these
vertices evaluate to the same element a on the tuple (a,...,am,c1,...,¢n),
and to the same element b on (by,...,bm,c1,...,¢,). Assume that vy is closer
to the root. Then we may replace the subtree rooted at v; with the subtree
rooted in vy to obtain a tree t' € T (Xpmtm) with t'(a1,...,@m,¢1,-.-,¢n) =
t(a1, -, @m,C1y---,¢p) and (b1, ..., by, C1,---5¢n) = t(b1,- -, bm,C1,---,Cn)-
By repeating this procedure, in the end we obtain a tree t' such that the above
equalities hold and the depth of ¢’ is less than |A|*>. Moreover, if

t(a1y -y Qs Cly ey Cpn) Z (b1, ooy bmyC1ye ey Cn),

then also

t'(a1,---,am,c1,---,¢n) Zt (b1, -, bm,C1,-..,¢n). O

Remark 3.4.3 When R = {0, 1}, our characterization of the expressive power
of CTL(X,EF) agrees with that obtained by Cohen, Perrin and Pin in [6].
Moreover, in this case tree language a L is in CTL(X, EF) iff its minimal au-
tomaton A satisfies the following condition: Whenever a,b € A, a # b are in the
same transitivity class of A~ and p(a) = a, p(b) = b for some term p € Tx- (X1),
then p = z;. However, when R contains an integer > 1, this condition is not
equivalent to the one in Theorem 3.4.1.
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Corollary 3.4.4 A tree language L C Us, of rank type R is in CTL" (X, EF) iff
its minimal automaton belongs to WT. It is decidable for a regular unordered
tree language whether it belongs to CTL" (X, EF).
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