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1. Introduction

Colonies as language generating devices rooted in the theory of grammar
systems [3, 6] have been introduced in [9] and developed during the nineties
in several directions, see, e.g., [1, 4, 7, 10, 11, 14, 15, 16, 19, 20].

The basic idea behind an attempt to introduce colonies was to create
exact methods to study emergency, using theory of formal grammars and
languages. The goal was to build up from “as simple as possible” components
cooperating in an elementary level a system which increases the generative
power of the components.

In order to preserve the communication between components of a colony
as simple as possible, one can look for some regulations of the component
participation in the process of string generation. Time delays associated with
components have been invented already in [9]; see also [10].

In this overview paper we discuss limitations of the resources activation

(components, productions, nonterminals) of colonies.
Four variants of colonies with limited activation of components are studied,
namely colonies with delays, colonies with increasing activity of components,
colonies with bounded-life components and colonies with bounded-frequency
components. The generative power of these colonies is discussed. Some
properties of a specific descriptional complexity measure, namely the number
of immortal components of a colony with bounded-life components, are also
discussed.

2. Colonies

The basic idea behind an attempt to introduce colonies was to create
exact methods to study emergency, using theory of formal grammars and
languages. The goal was to build up from “as simple as possible” com-
ponents cooperating in an elementary level a system which increases the
generative power of the components. By an elementary cooperation of com-
ponents we understand the blackboard like cooperation where components
act on/cooperate through a common tape which is the only form of their
interactive space. The main point is that the action of each component de-
pends only on the situation on the interactive tape and possibly on the inner
conditions (inner state) of the component. It is independent on the inner
conditions of any other component. It turned out that it is sufficient to deal



with components with finite behaviour, i.e. components, which produce finite
languages have the above required property. A schematic view of a colony is
given in Fig. 1.

A colony (of grammars) was introduced as a collection of grammars pro-
ducing finite languages, which operate sequentially on a common string form-
ing their interactive space in [9]. By sequential colonies operating in the
simplest way (i.e. in each time period a component rewrites one occurrence
of the start symbol) exactly all context free languages can be formed [9].
Complex view to the generative power of sequential colonies is given in [11].
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Fig.1: A schematic view of a colony

Before we shall deal with extensions we recall the definition of the basic
variant of a colony:

Definition 2.1: A colony C is a construct C = (V, T, R), where

(i) V, T C V are total and terminal alphabets of the colony, respectively,
and

(i) R = {(S;, F;)}i=7 is a finite sequence of grammars each of them rep-
resented by the starting symbol S; € V and by the finite language
F, c (V—={Si})".

A pair (S;, F;) denotes the i-th component of C. A component (S;, F;)
with F; = {w1, ..., wy,,} will be given also in the form (S; — wy|... |wy,).



An activity of a colony is realized by sequential action of components in
a given string. Elementary changes of strings, where one of the components
replaces one letter S; of a string by a word z from Fj is called basic derivation
step and denoted by =>¢. Formally:

Definition 2.2: For x,y € V* we write v = y iff for some 7, 1 <1 < n,
r = 115;%9, Yy = x1279 and z € F}.
—>¢ is the reflexive and transitive closure of =—¢.

Definition 2.3: The language determined by a colony C starting with the
axiom wy € V* is given by

L(C,wy) = {v]| wo=—="v, v e T"}.

We denote by COL the collection of languages defined by colonies.
Theorem 2.1 [9]: COL is identical with the set of all context free languages.

Example 2.1: Consider the colony C = (V, T, R), where
V= {A, B, Al, Bl} U T,
T = {a,b,c},
R = {(A = aAb), (B — ¢Bi|c), (A1 — ab|A), (B; — Blc)}.

Then the behaviour of the colony C for the axiom AB is the context free
language
L(C,AB) = {a™V"c™|m,n > 1}.

An example of derivation in the colony is
AB — aA1bB — aA,bc —> aabbc.

3. Colony with delays

There are some motivation to introduce regulations to the frequency of
possible acting of the components. One can study components sensitive
to the time period past from their last activity or components sensitive to
the amount of previously executed steps. Following are examples of such
properties:



e after an action the component cannot act during some predetermined
time period (interpreted as “it needs rest”, “it needs to renew energy”).
That case, a colony with constant delays was introduced in [11].

e the activity of the component decreases/increases with the number of
actions it had already executed (“exhausting of the energy”, “learned
behaviour”, ... ). That case, a colony with nonconstant delays was
introduced in [11].

A colony with delays models the situation when each component has to
postpone its action by a given number of steps after its last action. Delays for
different components can be different. Eventually, it can be dependent on the
number of activation of the component during the ongoing derivation. Delays
of components are represented by (possibly constant) functions defined on
natural numbers.

First, we introduce a colony with constant delays.

Definition 3.1: A colony with constant delays is a 3-tuple C; = (V,T,R),
where V', T' C V are total and terminal alphabets of the colony, respectively,
and R = {(S;, F;,d;)}i=" is a finite set of grammars, each associated with
the starting symbol S; € V| finite language F; C (V — {S;})* and natural
number d;.

In the present model a fully reactive action of i—th component is post-
poned for d; steps after its last activation. To describe the derivation we
have to count an actual delay for every component, therefore a derivation
step of a colony with delays is the relation between configurations, which are
of the form (w,ty,ts,...,t,), where w is a string over V* and t1,ts,...,t,
are of nonnegative integers representing time period during which the corre-
sponding component has to be nonactive. t; = 0 corresponds to a potentially
active component ¢ of the colony.

For derivation step of a colony C; with constant delays we have:

Definition 3.2: Let (wq,ty,...,t,) and (wq,t),...,t! ) be configurations of
a colony with constant delays. We write
<U)1,t1, . ;tn> :>Cd <U)2, tll, . ,t;L> iff

e there is j, 1 < j < n such that ¢; = 0 and w; = x,5;7



® wy = 7127y for some z € Fj,
e t' = d; and t; =max{0,t; — 1} for all i, i # j.

Note: A derivation step of a colony without delay corresponds to zero delay
of all components in every configuration.

Definition 3.3: The language defined by a colony C,; with axiom w, and
with initial delays of components given by ¢;,1 < i < n is the set

L(Cgywo, tr, ... ty) ={w € T* 1 (wo,t1,...tn) =>¢, (w,t, ..., 1)}

We denote by COL, the collection of all languages defined by the colonies
with constant delay.

Example 3.1: Consider the colony C; = (V, T, R), where
V={AB,A,B}UT,
T = {a,b,c},
R ={(A = aAb,3), (B — cBilc,3), (A — ab|A, 3),(B; — Ble,3)}.

Then the behaviour of the colony for the axiom AB and starting delay of
components being 0,1,2 and 3, respectively, is the context sensitive language

Labc = L(CdﬂAB? (07 17 273)) = {anbncn|n Z 2}

An example of derivation in the colony is
(AB,0,1,2,3) => (aA,bB,3,0,1,2) => (aAbcBy,2,3,0,1)
= (aabbcBy, 1,2,3,0) = (aabbce, 0, 1,2, 3).

Theorem 3.1: COL C COL,.
Proof: The inclusion follows directly from the definition and for the language
Ly from Example 2.1.1 we have Ly, € COL; — COL.

Theorem 3.2: The set of Parikh vectors of the language L for L € COLy
is semilinear.

Sketch of the proof: It can be done in the similar way as analogical theorem
for context free languages.



Theorem 3.3 [21]: COL, is closed under union, mirror image and inter-
section. COL,4 not closed under catenation and iteration.

We extend the model to the case, where the delay of components of a
colony is not necessarily constant. We assume that the delay of i-th compo-
nent is determined by function f;, which associates to a natural number j
(representing j-th activation of the component) a delay f;(j).

Definition 3.4: A colony with delay is a structure C; = (V, T, R), where
e VT have same meaning as in a colony, and

o R =1{(S;, F;, fi)}\=0 is a finite sequence of grammars, each associated
with delay functions f; : N — N, where A is the set of nonnegative
integers.

Similarly as in the previous case activity of components is described by
a derivation step. In the this case, delays are functions depending on the
number of activations of each components. Therefore a configuration in this
case contains a pair (t;,j;) for each component, where ¢; represents actual
number of derivation steps during which the component is not allowed to act
and j; is the number of already finished activations of the i-th component.
The i-th component can be active for ¢; = 0 only and after executing the
derivation step the value of ¢; becomes f;(j;) and the value of activations of
the i-th component (j;) increases by 1.

Definition 3.5: Let (wq, (t1,41),. .., (tn,in)) and (wo, (t],17), ..., (t i)
are configurations of a colony with nonconstant delay. We write
(wi, (t1,01), -, (tnyin)) =, (wo, (B, 81), - .o, (B, 1)) iff

e t; =0 and wy =z, 525 for some j, 1 < j <n and
® wy = 112%, for some 2z € Fj,
ot = f;(i;),i; =1i; + 1 and

e ¢, =max{0,t;, — 1}, 7} = iy for every k, k # j.



Note: In an initial configuration we have 1 =i, = ... =1, =0.
For the components with constant delay function we shall write simply ¢;
instead of (t;, ;).

Definition 3.6 The language defined for a colony C; with axiom wy and
with an initial delay of i-th component (t;,0) is the set

L(Cy, wo, (t,0), (t2,0) ..., (t,, 0)) =

{weT": (wo,(t1,0), (t2,0) ..., (tn, 0)) =>¢, (w, (t1,31), ..., (th, )}

We denote by COLy the collection of languages defined by the colonies with
non constant delay.

Example 3.2: Consider the colony C; = (V,T,R), where

V= {57 517 52} U T7

T = {a,b},

R = {(S — ClSl, 1), (S — b52|b, 2ptl + 1), (Sl — S, 1), (52 — S, 1)}
We determine the behaviour of the colony for the axiom S and initial delays
1,(0,0),0 and 0, respectively.

At the beginning the derivation produces a letter b or proceeds as follows
(S,1,(0,0),0,0) = (bS,,0,(3,1),0,0) = (bS,0,(2,1),0,1) =
(baSi,1,(1,1),0,0) = (baS,0,(0,1),1,0).

In the next step we have three possibilities to continue:
(1) to produce aS; by the first component
(baaSi,1,(0,1),0,0)
(2) to produce b by the second component and to end the derivation
(bab, 0, (7,2),0,0)
(3) to produce bSs by the second component
(babSs,0,(7,2),0,0).

Generally, the second component is active for a configuration
(baP°b. . .ba*S,0,(0,4), z,y), p; > 2!, x =1 or y = 1 therefore

L(Cy, S,1,(0,0),0,0) = {ba”ba ...ba""b| p; >2', i<j},
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which is the context sensitive not context free language.

Theorem 3.4 [21]: COL,; C COL;
Proof: The inclusion follows directly from the definition. For the language L
from Example 2.1.2 by Theorem 2.1.2 we have L € COLy — COL,.

Theorem 3.5 [21]: COLy is closed under union and mirror image. COLy
is not closed under concanation, iteration and intersection.

4. Colony with time increasing activities

The activity of the component increases with the time passed from its
last action (“it need food more urgently”, “it accumulates more and more
energy”). That case, a colony with time increasing activity was introduced
in [11].

The activity of the components can increase with the time passed from
their last action (“they need food more urgently”, “they accumulate more
and more energy”). To define colony with such a behaviour the model dif-
fers from the basic form of colony in the definition of derivation step only.
In accordance with the motivation, during the derivation process described
by relations on configurations (w,t,...,t,) t; becomes 0 for the actually
working component and all other components increase their value ¢; by 1.
A component with the greatest value ¢; having its starting symbol in the
current word is allowed to act (it is the best one, the most quick one.)

Definition 4.1: A colony with time increasing activity is a colony with
standard three-tuple Cpop = (V, T, R).

A derivation step for colonies with time increasing activity is defined for
configurations (w,ty,...,t,), where w € V* and ¢;,1 < i < n are numbers.

Definition 4.2: Let (w1, t1,...,t,,) and {wy,t},...,t ) are configurations
of a colony with time increasing activity. We write
(w,yty, ... t,) =>¢c,,.. (W, t,... th))iff

o w=115;xy, t; = max{t;: S, is a letter of w} forsomej, 1 <j<n
and



e w' = 12z, for some z € F},

t;=0and t; =t; + 1 for i # j.

Definition 4.3: Language defined by a colony C,,,, with axiom wj and the
initial time t¢; is the set

L(Cmm,wo,tl, Ce ,tn) = {w € T : <U}0,t1, Ce ,tn> :>Zm(w (w,t'l, C ,tln>}

We denote by COLz the collection of languages defined by the colonies
with time increasing activity.

Example 4.1: Consider the colony Cpe = (V,T,R), where
V ={A,B,C,a,b,c},
T = {a,b,c},
R ={(a— A),(b— B),(c— C),(A — aa),(B — bb), (C — cc)}.

We determine the behaviour of the colony for the axiom abc initial values
tl == 5,t2 - 4,t3 - 3,t4 - 2,t5 - 1

(abe, 5,4, 3,2, ,0> (Abe,0,5,4,3,2,1) = (ABe,1,0,5,4,3,2) =
(ABC,2,1,0,5,4,3) = (aaBC,3,2,1,0,5,4) —
{aabbC, 4, ,2,1,0,5) = (aabbee, 5,4,3,2,1).

Laye = L(Cz, abe, (5,4,3,2,1,0)) = {a'b'c : 1> 1}.

Example 4.2: Consider the colony Cpa = (V, T, R), where
V= {A, Al, AQ, B} U T,
T ={a,b},
R ={(A — aA,), (A — A), (A — Bb|lA3b), (A — A), (B — ab)}.

We determine the behaviour of the colony for the axiom AA and initial times
are 3,2,0,0 and 0, respectively.

(AA,3,2,0,0,0) = (a4, 4,0,3,1,1,1) = (aAA,0,0,2,2,2) —
(aAAb,2,1,0,3,3) = (aAAD,3,2,1,0,4) —
(aa A1 Ab,0,3,2,1,5) = (aa AAAD, 1,0,3,2,6) =
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(aaBbAb,2,1,0,3,7) = (aaabbAb, 3,2,1,4,0) =
(aaabbaA1b,0,3,2,5,1) = (aaabbaAb, 1,0,3,6,2) =
(aaabbaBbb,2,1,0,7,3) = (aaabbaabbb, 3,2,1,8,0).

L(CIaAAJ (372107070)) = {ailbi2ajlbj2 : Z.1 +j1 = Z.2 +j2 > 2}

Theorem 4.1 [21]: COL, C COLz.
Proof: The inclusion follows directly from the definitions and for the language
Ly from Example 2.2.1 we have Ly, € COLz — COL,,.

Theorem 4.2 [21]: COLz is closed under union and mirror image. COL;
is not closed under concanation, iteration and intersection.

5. Colony with bounded-life components

In the present section we discuss a limitation with respect to the number
of component activations. We associate a possible infinite natural number
with each component of a colony which restricts its possibility to partici-
pate arbitrarily many times in the string generation. This number may be
viewed as the lifetime of that component. Components with unbounded
participation in the generation of strings are called immortal. This type of
regulation seems to be very natural in view of the aforementioned motiva-
tion. Obviously, each society of reactive agents contains agents which cannot
act arbitrarily many times by different reasons.

Some components, having a finite lifetime, are called bounded-life com-
ponents and others — the so called immortal ones — can be used arbitrarily
many times.

Definition 5.1: A colony with bounded-life components is a structure
C= (V, T, (Sl, Fl), [N (Sn, Fn), w, bl),

where

o (V,T,(S1,F1),...,(Sy, F,),w) is a usual colony, which will be denoted
by C,
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e bl is a mapping from the set {1,2,...,n} into the set N'U {oo}, which
associates to each component of C a natural number representing the
lifetime of that component. If bl(r) = oo, then we say that the compo-
nent r is immortal. The lifetime of a component indicates the maximal
number of applications of that component in the process of changing
the environment.

Definition 5.2: For every derivation D
Y =i, T =iy Ty .. =>4, Ty = T,
in C and for every r, 1 < r < n, we define
K,(y,D,x) = card({jli; =r, 1 < j < p}).

Moreover, we denote by |D| the length of the derivation D, that is |[D| = p.

For every word z € L(C) we define
K,(z,C) = min{K,(w, D,z) | D is a derivation of z in C}.

The wviable behavior of C is defined by

Li(C) ={xz € L(IC) | K;(z,C) <bl(r), forall 1 <r <n}.

First we prove that this regulation does not lead to an increase in the
computational power.

Theorem 5.1: For a given colony with bounded-life components C one can
construct a colony C' with L;(C) = L(C").

Proof. We shall prove that the viable behavior of any colony with bounded-
life components is a context-free language.
Let C = (V, T, (S, F1),(S2, F3), ... (Sn, Fy), w, bl) be a colony with bounded-
life components. Suppose that bl(j) = oo, forall j,1 < j7 < m, and bi(s) € N,
for all s, m +1 < s <n, for some m,1 <m <n.

We construct the following pushdown automaton which recognizes by
final states and empty pushdown memory the language generated by C:

A=(Q,T,VU{Z}, [, 9, Zo, @\ {ac}}),
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where
Q = [0,bl(m+1)] x[0,bl(m+2)] x...x[0,bl(n)]U{qe},
do = (0707"'70)7
and f is defined as follows:
f(q0787 ZO) = {(qﬂaw)}a
{((r1,72, oo o Tpem), @) | © € Fj}, if § < m,
{((r1,72, .oy Tpm), @) |2 € Fy}, if j=m+s

and rs + 1 < bl(s) for some 1 < s <n—m,
{(ge, ) | ® € F}}, otherwise,

f((rlar% H '77nnfm);a7 CL) = {((Tlarb H .,Tn,m),cf)}, (rlarb H 'JTTlfm) € Qa
a€cT.

f((’rlar%"'arn—m)aga Sj) =

The current states of the above automaton are indexed with a vector which
counts the number of activations for each bounded-life component so far.
If such a component has been activated more than its lifetime, then the
automaton enters an error state, g., and the input string cannot be accepted
by this computation. Thus, the input string is accepted by our automaton if
and only if each component s of the index of the final state is at most bl(s+m)
and the pushdown memory is empty. Consequently, L;(C) = Rec(A) holds.
O
Given a context-free language it is natural to look for a colony with
bounded-life components which generates it and has as few immortal compo-
nents as possible. Thus, a natural problem concerns the possibility of limiting
the life of an immortal component of a colony without modifying the viable
behavior of that colony. Unfortunately, given a colony and an immortal com-
ponent one cannot decide whether or not the life of this components can be
limited without modifying the behaviour of the colony.

Theorem 5.2: Given a colony with bounded-life components C and an
immortal component ¢ of C, one cannot decide whether or not the life of
component ¢ can be limited without modifying the viable behavior of C.

Proof. Let C' = (V,T,(S1, F1),...,(Sn, Fn),w) be an arbitrary colony
with the terminal alphabet T' containing at least two letters. We construct
the colony with bounded-life components

C= (V U {Sn+17 Sn-l—?a Sn+3}7 Ta (Sla Fl)a RN (Sn-l-?n Fn+3)7 Sn-i—la bl)a
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where

Foin = {w,Snia},
Fopo = T{Sp3} UT U{e},
FTL+3 — T{Sn+2} U T,

and .
bl(i):{ 1,ifi=n+1,

oo, otherwise.

Obviously, L;(C) = T*. Let us consider the immortal component n+2 of C. If
one bounds the life of this component by a natural number, say &, then the life
of component n+ 3 can be also bounded by the same number. Let us denote
by C" the new colony in which there is &k such that bl(n+2) = bl(n+ 3) = k,
i.e. the components n + 2 and n + 3 are not immortal anymore. Clearly,
Li(C") = T* if and only if T\ T?* C L(C’"), where T?" stands for the set
of all strings in 7™ of length smaller or equal than 2k. Since the problem
L(C') = T* is known to be undecidable, it easily follows that the problem
T*\ T? C L(C’) is undecidable as well, which concludes the proof. O

Now we introduce a specific descriptional complexity measure indicating
the number of immortal components in a colony with bounded-life compo-
nents and extend it to languages. We prove the non-triviality of this measure
for context-free languages and the impossibility of computing this measure
for the same class of languages.

Definition 5.3: Given a colony C with bounded-life components we define
Imm(C) = card({i | bl(i) = oo})
and for a context-free language L we write
Imm(L) = min{Imm(C) | L = L;(C)}.
The next theorem claims that the Imm measure is not trivial.

Theorem 5.3: For each natural number n there is a language L,, such that
Imm(L,) > n.
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Proof. For a given n we consider the context-free language
L, = {a¥ohrakvl2 afrbfn | By Ry, R, > 1)

We claim that Imm(L,) > n.
Let C = (V,{a1,b1,...,an, b}, (S1, F1),...,(Sr, F}),x,bl) be a colony with
bounded-life components which generates L,. We prove the following fact

Fact: For each nonnegative integer m there is a positive integer p(m)
such that

card({i | Ki(a{)(m)blf(m) PP ) > m)) > n.

n i i

Proof of the fact. We show that for each m and some integer p(m), at least n

components are used at least m times in order to get z = a? ™™ gp(m)pp(m),

For a given positive integer m, we consider the integer p(m) > M -m-r+ |z|,
where
M = max{ly| |y € U, Fi}

Then for every a;, 1 < j < n, there is S;; in V' such that S;; =~ angijxj
for some j < M - r. Therefore, every derivation D of z in C can be written
as
* Q1 * qrtii * _q1+251
x =" a]'S;,x1 =" a] 'S, 1o =" a] Si, x3

=" ="l TS e = alf(m)blf(m)a?shmerZ

—* @M geting. g et P getmiig,

=" ... =" aﬁ’(m)blf(m) e Oy Si, Bma1)(n—1)+2

=" af(m) bll)(m) cen CL%"Jrjn Sinx(m+1)(n,1)+3 =% ... ="

" a8 S, E 1)1 emr2 = 2.

Clearly, the components iy, is,...,%, are mutually disjoint, otherwise para-
sitic strings would be obtained in C, which concludes the proof of the fact.

Now, one can easily infer that Imm(C) > n. O

Based on the previous theorem we prove that
Theorem 5.4: The measure I'mm fails to be algorithmically computable.
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Proof. Let C be a colony with bounded-life components. Assume
L=L(C)USUV*L,,

where U,, = {ay,b1,a2,bs,...,a,,b,}, n > 5, L, is the language from the
proof of the previous theorem, and V N U, = 0.

If L(C) = V*, then L = V*U,, hence Imm(L) < 4. A colony with four
immortal components which generates L is

C, — ({Sl, 52, 53, S4}UVUUTL, VUUn, (51, Fl), (SQ, FQ), (53, Fg), (54, F4), 5153),
with

F = V{S;}uVu{e},

F2 - V{Sl},

F3 - Un{S4}UUn,

F4 - Un{Sg,}UUn

If L(C) # V*, then let w € V*\ L(C) be an arbitrary word. By a
similar reasoning to the proof of the previous theorem one can prove that
Imm(L) > Imm({w}L,) holds, or equivalently I'mm(L) > Imm(L,).

Consequently, Imm(L) < 4 if and only if L(C) = V*, which is undecid-
able. Therefore one cannot compute Imm/(L). O

6. Colony with bounded-frequency components

In the last section we associate a sub-unit rational number with each com-
ponent of a colony which limits the number of applications of that compo-
nent with respect to the lenght of every derivation. Colonies with bounded-
frequency components are more powerful than colonies with bounded-life
components.

Definition 6.1: A colony with bounded-frequency components is a structure
C — (‘/7 T7 (Sla F1)7 (527 FQ)) s (Sna Fn)7 w, bf)

where
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e (V,T,(S1,F1),(S2, F3),...,(Sn, Fn),w) is a colony, which will be de-
noted by C

e bf is a mapping from {1,2,...,n} into the set of rationals between
0 and 1. Tt expresses the maximal possible frequency of using the
components of C in the derivation.

The viable behavior of C is defined by
Li(C) = {x € L(C)| there exists a derivation D for x such that
D]

< bf(i), forall 1 <i<n}.

Example 6.1: Let us consider the following colony with bounded-frequency
components:

C = ({SZ|1 S 7 S 12}U{CL, b, C}, {Cl,, b, C}, (Sl, Fl), Ceey (512, Flg), 515253545556; bf),

where
F1 = {CLS7} F2 = {ng} F3 = {CSQ}
F7:{CLSI,G} ng{bSQ,b} F92{053,C}
F4 = {CLSlo} F5 = {bSH} F6 = {0512}
Fio = {aS4, a} Fi = {555;5} Fip = {056, C}
and

forall 1 <¢<12.

It is easy to check that Lf(C) = {a®"b*"c*"a®"b*"¢*" | n > 1} which is not
a context-free language.

Indeed, all strings generated by the above colony with bounded-frequency
components are of the form a?b%c?*a?mb%c?? for some positive integers
t,7,k,m,p,q. However,

t 1
< —
itj+k+mtptq = 6

for all ¢t € {i,j,k,m,p,q}. Let us suppose that i the the biggest integer
among the others and there exists another one, say j, strictly smaller than .

Then,
i i 1

— > —
i+7+k+m+p+q 6i 6
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which is a contradiction. Therefore, all aforementioned integers are equal.

We recall now the definition of valence grammars from [5]. An additive
valence grammar is a quintuple G = (N, T, S, P,v), where (N,T, S, P) is a
context-free grammar and v is a mapping from P into the set of integers Z.
If P={ry,...,rp}, for some n, the language generated by G, denoted by
L(G), consists of all words x such that there is a derivation

S:>i1 Tl =i T2... =4, Tp =T
with >F_; v(ry;) = 0.

Theorem 6.1: The class of languages generated by additive valence gram-
mars is strictly included in the class of languages generated by colonies with
bounded-frequency components.

Proof. Let L be a language generated by an additive valence grammar;
by Lemma 2.1.10 from [5] we may assume that v(p) € {—1,0,1} for each
rule p in P. Moreover, we may assume that for each rule A — x € P, the
nonterminal A does not occur in z. Using some new nonterminals one can
easily replace each rule p € P where v(p) = 0 with a pair of rules, without
side effects on the generated language, such that for each rule r in the new set
of rules, denoted also by P, v(r) € {—1, 1} holds. Denote by Ay, Ay, ..., Ay
the nonterminals of this last grammar generating L, S = A;.

We construct the colony with bounded-frequency components

C= (N U {Am+17Am+2} U Ta Ta (Ala Fl)a (A21F2)7 R (Am+27Fm+2)7Alabf)a

where
{IAm+1 | Az — T E P,U(AZ' — l‘) = —]_}U
Fi=< {240 |Ai >z € PuvA;—x)=1} if1<i<m
{e}, ifi > m.
and

. 1, if1<i<m
bf(l)_{ I, if i >m.
Clearly, L(C) is exactly the language generated by the given context-free
grammar, regardless the valence mapping v. It is also easy to note that, for

every word = in L¢(C), for which the last two components have been activated
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i times and j times, respectively, the total length of the derivation is 2(i+ j).
Furthermore, 7 = j must hold. Since ¢ and j represent also the number
of applications of the rules in P whose valence is —1 and 1, respectively,
it follows that x can be obtained by a derivation whose total valence is 0.
Hence, L = L¢(C).

Example 2.4.1, provides a colony with bounded-frequency components
which generates a language that cannot be generated by any additive valence
grammar. The same idea used in Example 2.1.7 in [5] for proving that
{a"b"c® | n > 1}* cannot be generated by any additive valence grammar
can be used for proving the same statement for the language from Example
1. O

The computational power of colonies with bounded-frequency compo-
nents remains to be further investigated. We do not know whether or not
these colonies generate recursive languages only. Clearly, the membership
problem is decidable for colonies with bounded-frequency components which
do not contain the empty string. But it seems to be very hard to cope with
these components in the general case. Another natural problem concerns the
decidability of the emptiness problem for colonies with bounded-frequency
components.
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